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1 MOTIVATION

1 Motivation

Let d > 1, let w: R — R? has a smooth vector field. Fix z € R%. Then the ordinary
differential equation (ODE)

()

dzy =w(zy)dt,t >0
i) =X

has a unique solution z(): Ry — R? by the Picard-Lindeléf Theorem.

Figure 1: Sample trajectories that vary widely but have similar initial conditions

But in practice, for some w sufficiently terrible, (x¢):>0 is extremely sensitive to changes
of the initial value, so the ODE theory can be (completely) useless in practice.

Example 1.1 (Classical Example by Lorenz in 1963). Let d = 3,z = (x!,2%,23), and
Ty = (x%vxgax?)7t > 0, solve
dz} =o(a? —z})dt,t >0
da? = (x}(p—z}) —2?)dt,t >0
A (8.0.0 € )
o =x.

For o = 10,p = 28,¢ = 8/3, the solution gets highly chaotic, i.e. it changes a lot for
minor changes in the initial conditions.

Moreover, instead of the whole trajectory, one is typically interested in its discretization,
i.e. (en)n>0 for some e > 0 instead of (z¢);>0. As () has a unique solution for all x € R?,
we set the injective map T: RY — R? to be Tz = z. for all z € R%.

Furthermore, as (z;);>¢ solves

{dxt =w(zy)dt,t > ¢

Le = T¢,

it follows that z9. = Tx. = T?x, so in general (Tcp)n>0 = (T7%)n>0-
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Figure 2: A solution in the Lorenz attractor (Source: Wikipedia)

What do we want to solve?

Typically, what is of interest in such chaotic systems is the statistics of (T"x)p>0.
1. Fix B C R%. How often is 7"z in B?

Tx
B .

T2

T

For this reason, one would like to know the mean time of T"x being in B, i.e.

1 .
,(B) = lim — > xs(T"2) (+)
n=1

if the latter exists. If this limit exists for any Borel set B C RY, then B + ®,(B) is


https://commons.wikimedia.org/wiki/File:Lorenz_attractor.svg
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additive (i.e. ®,(AUB) = ®,(A) + ®,(B) for disjoint A, B C R?), and therefore,
highly likely, a measure. We will explore for which T" we can find such a measure
and when ®, does not depend on zx.

We will usually assume that 7' is measure-preserving, i.e. T~'(B) has the same
volume as B for all Borel sets B C R In the case of T defined by (%) this is
equivalent to divw = 0, but we will discuss this later.

2. Another interesting question is mizing. E.g., fix B C R% and A C R

We want to tell something about B N T"A, where T"A = {T"z,x € A} CR4. T
is called mizing if there exists a measure y on R? such that B and T"A are almost
p-independent, i.e. for sufficiently large n,

u(BAT"A) ~ u(B) (T A)
——
(=p(A) usually)

or, if T' is invertible and p-preserving,
: noay
Jim p(BNT"A) = p(B)u(A),

where A, B C R? are Borel sets.

3. Sometimes instead of mixing, one has the same property, but for the average over
all the time steps, i.e.

N
1
lim — BNT"A) = u(B)u(A).
NgnooN;u( NT"A) = p(B)u(A)
This is called weak mizing. I.e., the sequence (T™)p>1 is p-independent if one
averages over time.

Example 1.2 (Grasshopper). Let T = R/27Z ~ [0,27) be the one-dimensional torus.
Let ¢ € [0,27). For all x € T, set Tax = x + ¢.
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/‘ v

Figure 3: Grasshopper setup

The Question: Let B C [0,27) be an interval. What can be shown about xp(7"x)?
E.g., what is ®,(B) = limy_oo 1/N - N xp(T"z)?

The Answer: If ¢ is 27-irrational, ie. ¢/27 ¢ Q, then ®,(B) = A(B), i.e. the
normalized length of B. If x is 27-rational, i.e. ¢/21 € Q, ®,(B)
depends on both z and B.



2 A BIT OF MEASURE THEORY

2 A bit of Measure Theory

We will give a brief review of measure theory. For basic proofs and exercises, see | Measure
Theory by Bogachev.

Definition 2.1. Let X be a set. A collection B of subsets of X is called algebra if
(i) OeBand X € B,
(13) if B € B, then its complement X \ B € B,
(#7i) for all By,..., By € B one has |J)_; B, € B.
B is called a o-algebra if additionally
(73)" for all (By,)n>1 from B one has ;- B, € B.

Let C be a collection of subsets of X. Then we denote by o(C) the o-algebra generated
by C. Equivalently, o(C) is the intersection of all o-algebras containing C.

Exercise 2.2. Let (By)aeca be a family of o-algebras in X. Prove that (,cp By is a
o-algebra as well. Do we have the same for (J,cp BQ?EI

Definition 2.3. Let X be a topological space (e.g. R? with the topology generated by
all open balls). Then the o-algebra generated by all open sets in X is called the Borel
o-algebra and is denoted by B(X).

Exercise 2.4. Show that a Cantor set C is in B(R) where C has the following form:
C=[0,1\ | In,
n=1

where (I,,),>1 are disjoint open intervals.

Figure 4: The classical Cantor set

The classical Cantor set is an example of an uncountable set with length 0 (with respect
to the Lebesgue measure)ﬂ

Definition 2.5. Let X be a set and let B be a o-algebra on X. Then (X, B) is called a
measurable space.

1Spoiler: No, not in general.
24You can go rock climbing or think about the Cantor set, both are equally exciting” — Dr. Ivan
Yaroslavtsev, 17th of April 2023.


https://link.springer.com/book/10.1007/978-3-540-34514-5
https://link.springer.com/book/10.1007/978-3-540-34514-5
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Figure 5: The distribution of the classical Cantor set

Definition 2.6. Let X be a set, B be an algebra on X. A map u: B — [0, 00] is called
(1) additive if for any disjoint B1,..., B, € B one has

N N
H <U Bn) = Z /L(Bn)
n=1 n=1

(i)  countably additive or o-additive if for all (B,),>1 from B that are pairwise
disjoint such that U,~; B,, € B one has

H <G Bn) - i M(Bn)
n=1 n=1

If B is a o-algebra and p is o-additive, then p is called a measure. If u takes values in
R4, then p is called a finite measure. In this case, (X, B, u) is called a measure spaceﬂ
If, additionally, (X)) = 1, then p is a probability or a probability measure and (X, B, i)

30Others might follow the convention that (X, B, u) is called a measure space even if u is only a
measure.
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is called a probability space. pu: X — R is called a finite signed measure if u = p1 — po
for some finite measures p; and po.

Let (X, B) be a measurable space and p be a measure on (X, B). Then p is called o-finite
if there exists (By)p>1 in B such that

o
U B. =X, Vn € N: u(B,) < cc.
n=1

Example 2.7. Let X = R, B = B(R), x = A be the Lebesgue measure, i.e. pu([a,b])

b—aforall b > a, pu is o-finite as pu([n,n+1]) =1 for all n € Z, and U,,cz[n,n+1] = R.
>

]
Example 2.8. Let (X, B, 1) be a measure space and assume that y is finite and p(X)
0. Let i = p/p(X), ie.

VBeB: ji=—=.
Then [ is a probability measure, and hence (X, B, f1) is a probability space.

Exercise 2.9. Let (X, B) be a measurable space and p: X — [0, oc] be additive. Then
the following are equivalent:

(1)  pis o-additive.

(7)  For any increasing (By,),>1 in B, i.e. By, C By, for all n < m, one has
o
u <nL_J1 Bn> = lim p(By).
(t4i) For any decreasing (By)n>1 in B, i.e. By, O By, for all n < m, one has
o0
7 (nol Bn> = lim pu(Bn).

Typically, one defines a measure not on the whole o-algebra, but only on some sets. For
example, the Lebesgue measure A on R? is first defined on cubes, i.e. we set

d
/\([al,bl] X oo X [ad,bd]) = H(bl — ai)
i=1
for all by > a1,...,bq > agq. Then we can extend it to a measure on B(Rd) by the

following theoremﬁ

Theorem 2.10 (Carathéodory, without proof). Let X be a set and A be an algebra on
X. Let fi: A — R4 be countably additive. Then there exists a unique measure on o (.A)
such that p| , = fi.

Exercise 2.11. Show the existence of the Lebesgue measure A on R? using the theorem
above and assuming that A is generated by all open and closed cubes.

4You don’t need to know it super in-depth for the exam.
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2.1 Measures on R

Let X = R.

Definition 2.12. A right-continuous non-decreasing function F': R — R is called a
distribution. Concretely, F' is a distribution if

(i)  F(z) < F(y) for all x <y,

(ii) F(zr+e)— F(x)aselO.
Note that for any such F' one can define a map p: J — Ry by u((a,b]) = F(b) — F(a)
for all b > a, where J = {(a,b]: b > a} C B(R).
Exercise 2.13. Check that p is o-additive on the algebra A(J) generated by J and

conclude that it can be uniquely extended to a measure on R.

For the inverse question (“Does any measure have a distribution?”) one needs the
following definition:

Definition 2.14. A measure p on (R, B(R)) is called Lebesgue-Stieltjes if u((a,b]) < oo
for all b > a.

Proposition 2.15. Let u be a Lebesgue-Stieltjes measure. Then it has a distribution.

Proof idea. Set
F(z) = {M((O’x])a x>0
—p((z,0]), z<O0.

Then F(b) — F(a) = u((a,b]) for b > a, i.e. p has distribution F. O (xx)
() follows from the construction of F' and the additivity of . The properties (x) follow
from the o-additivity of u.
Examples 2.16.
(1) Let o € R, pp = b4, i.c.
1, a€eB

u(B) = 62(B) = {0 B

In this case we can set

1 >
F(w)—{’ T >«
0, z<a.

(2) Let u = X be the Lebesgue measure on R. Then we can set F'(x) = z for all z € R.
(3) Let f: R — Ry be continuous and assume that

pat) = [ @) az.

Then we can set

Flz) = / £(t) dt.

0
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2.2 Measures on Sequence Spaces
Let £ > 2 and let Ez be the set of all infinite sequences of k symbols, i.e.
Eﬁ ={a = (a1,a2,as,...): a1,az,... €{0,...,k—1}}.
Fix n > 1and x1,...,2, € {0,...,k — 1}. Then the set
Ity an = {a S Eﬁ: al =X1y...,0p = xn}
is called a cylinder. Let CYL be the set of all cylinders.
Exercise 2.17. Find A = A(CvyL), the algebra generated by all cylinders.

Exercise 2.18. Fix py,...,px—1 € [0,1] such that pg 4+ -+ +pr_1 = 1. Let u: A — Ry
be defined by

n
1% (le,...,xn) = H Dz, -
k=1

Show that p is a probability.
Exercise 2.19. Let F: 3 — [0,1] be defined by F(a) = Y45 ank™" for
a=(ai,a,...) €X;.

Show that if pg = -+ = pp_1 = 1/k, then for all z,y € [0, 1], < y, one has that
1% (Fil(xvy]) =Yy—xr= )\((I',y])

Hint: It is sufficient to show the statement z = S | 2, k=" and y = Y0, y, k™" with
N>1z1,...,eN,Y1,---,YN € {O,...,]{J—l}.

Proof. As described in the hint, it suffices to consider z = YN 2,k and y =
Z,]LI Ynk™™ with N > 1,21,...,2N,91,...,yn € {0,...,k — 1} as we can arbitrarily
well approximate general x and y by numbers of that form. Now, it directly follows that

v (Ffl(l’vy]) = p({(an)n>1: 2122 .. oN < a1a2...any < Y1y2...YN})

- Z H({(an)n213 ai :Zl,CLQ:Zg,...,aN:ZN})
T122.. TN <2122...2N<Y1Y2... YN

_ Y1Yy2...YN —T1X2...TN

= N

=Yy -,
where x12o ... 2N is shorthand notation for Zfil x; - kN O

Example 2.20 (Cantor set). Set k = 3,pp = p2 = 1/2,p; = 0. In such a way we can
introduce a probability measure on the Cantor set.

Keep in mind that, when thinking about such sequences, you can equivalently think
about [0, 1].
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2.3 Lebesgue Integration
Let (X, B, u) be a measure space. f: X — R is called measurable if for all D € B(R)
fYD)={zeX: f(x) e D} €B.
Equivalently, f is measurable if
f(e,) €B

for all ¢ € R. A function f: X — C is called measurable if both Re (f) and Im (f) are
measurable. For all B € B, we define the characteristic function xg: X — R by

1, z€B

xp(@) = {0, r ¢ B.

A function f: X — R is called simple if there exists N > 1,¢1,...,cy € R and
By, ...,Bn € B such that

N
f = Z CnXBy- (*)
n=1

For simplicity sake, assume that p is a probability even though most of the following
results hold for o-finite pr. Then for f of the form (x) we can define [y f du by

N
/ fdp= Z cnpt(Bn).
X n=1

Now, let f: X — [0, 00] be a general positive measurable function.
For each n > 1, we set

Figure 6: Approximation of f through f,, and f,,4+1

10
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Exercise 2.21. Show that f,, > f, for all m > n.

(et 22),.,

is a non-decreasing sequence. Then we set

As (fn)n>1 are simple,

/Xf dH5:n1LHOIO/an dp € [0, 00].

The latter is called the Lebesgue integral of f with respect to p. If [y f dp < oo, then
f is called integrable. A measurable function f: X — R is called integrable if both
ft=max {0, f} and f~ = —min {0, f} are integrable.

In this case, as f = f+ — f~, we set

fdp= | ffdpu— [ [~ dp
Jd an=f o1 an= [

2.4 Properties of the Lebesgue Integral

Let (X, B, 1) be a measure space.
1. For all integrable f, g and all o, 8 € R, af 4+ PBg is integrable and

Joaf+8gdu=af rau+s[ gdn

2. For all integrable f and B € B one has that xp - f is integrable and one can define

/Bf dM:/XXB‘f d p.

Furthermore, if (B) = 0, then [z f dp = 0. Therefore, the integral does not
change if f has different values on a set B of measure u(B) = 0.
Hence, we can give the following definition:

Definition 2.22. For all f,g: X — R we say that f = g almost everywhere (or
short f = g a.e.) if
n({r e X: fz) # g(x)}) = 0.

If in addition p is a probability, then we say that f = g almost surely (short f =g
a.s.).

Definition 2.23. Let L'(X, i) (short L'(X)) be the linear space of all f: X — R
integrable, where f = g in L}(X) if f = g a.e.

3. For all f € L(X) with f >0
/fd,u:O < f=0as.
X

11
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4. For all f,g € L*(X) such that f < g a.e. (i.e. u({z € X: f(z) > g(x)} = 0), one

has
[raus [ gan
X X

5. If f € LY(X), then |f| € L'(X). Indeed, in this case for f* = max {0, f},f~ =
—min {0, f}, one has |f| = fT + f~, so

Joran=[ 5t dus [ 5 ap<oo

<oo <00

as f € L'(X). Thus,
f] € LX) = /X‘f‘ dji < 0
<— (/Xf+ du<oo/\/Xf_ du<oo)
= feLYX).

So f € LY(X) if and only if [y |f] dp < oo.

6. (Monotone convergence theorem) Let f1, f2,...: X — R be a pointwise increasing
sequence (i.e. fm(x) > fu(z) for all z € X and m > n) of integrable functions.
Then there exists f: X — (—o0,+00] such that f(x) = lim,_ e fn(x), which is
measurable. Moreover, f* = max {0, f} and f~ = —min {0, f} one has that

Joran=[ 1t au=[ s du=lim [ f.dpe (o000]

i.e. fT may not be integrable, but f~ is always integrable.

7. (Fatou’s lemma) Let fi, fa,...: X — R be non-negative and measurable. If
liminf, ;o [y fn dp < oo, then there exists f: X — [0,4o00] such that f(z) =
lim inf,, oo fu(x) for all x € X, f € L}(X) and

/ f dugliminf/ fn dp.
X n— oo b'e

8. (Dominated convergence theorem) Let fi, f2,--- € L'(X) and assume that there
exists non-negative g € L'(X) such that |f,| < g a.e. Assume that there exists
f: X — R such that f(x) = lim, o0 fn(7) for a.e. € X. Then f € L}(X) and

d:lim/nd.
/Xf % n%on %

Proof of these properties. Exercise or read any book on measure theory. O

12
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3 Measure-preserving Transformations

Definition 3.1. Let (X3,B1, 1) and (Xo, Ba, u2) be two probability spaces. A map
T: X1 — X5 is called measurable if for all B € By

T7YB)={z € X,: Tz € B} C X,

is in By. T is called measure-preserving if additionally one has po(B) = 1 (T~(B)) for
all B € By. T is called an invertible measure-preserving transformation if it is a bijection
with both 7" and 7~ ': X3 — X being measure-preserving.

Remarks 3.2.

1. Let (X1, By, 1), (X2, B2, u2) and (X3, Bs, u3) be probability spaces, T: X; — Xy
and S: Xo — X3 be measure-preserving. Then ST: X; — X3 is also measure-
preserving. In order to show this, fix B € Bs. Then

pa(B) = 2 (S7(B)) = (T7'57(B)) = i ((ST) 7 (B)).

2. Typically, (X1, B1, p1) = (Xo, B2, u2), so T: X1 — Xo is an automorphism, i.e. a
mapping from a set to itself.

Example 3.3.

1. Let T = R/27Z ~ [0,27) be a torus with a normalized Lebesgue measure A, let
a € [0,27), and let T: T — T be such that Tx = = + «. Then T is an invertible
measure-preserving transformation ]

2. Let X =[0,1)%,B = B(X) and let \ be the Lebesgue measure on X. Let a,b,c,d €
7Z be such that ad — bc = 1. For each z = (z!,2?)" € R? set

S ((a b) (acl)) 3 ({axl +bx2}>
c d) \a? coar ezt +da?t )
where for y € R {y} € [0,1) denotes the fractional part of y, i.e. the unique number
{y} € [0,1) such that y — {y} € Z.

Exercise 3.4. Show that T is measurable.

Let us show that T is a bijection. Note that

a b\ (d -b

c d “\—c a )’
d b\ (a b\ [ad—be bd—bd\ (1 0
—c a c d] \—ac+ac ad—bc)] \0O 1)

®Note that this is the same example as Example at the beginning of the lecture.

13
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TJJ.'I,

Py

0 1 2
Figure 7: Action of T in Example m

Thus, if for some z,y € X one has Tx = y, then

(d —b)T:B:(d —b)y.
—c a —c a
In particular,

()= (4 D) (i)
(5 D))

for some z € Z2. The latter equals x + 2 for some z € Z2. Therefore,

(D) L ()

The fact that then additionally Tz = y follows analogously.

3. Let X = T,B = B(T),x be the normalized Lebesgue measure. Fix an integer
n > 1. For any x € [0,27) ~ T set T2 = (1 2) mod 2r = {nz/(27)} - 27 [

Exercise 3.5. Show that T is measure-preserving. Is T' bijective?

°It’s the same as considering z — z™ on the unit circle in C.

14
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1 L3 . 1 3 '3 °
T :
l . . .

0 1 0 1 2

Figure 8: Action of the transformation Tz = ((é i) x)
mod 1

We will start with the following important statistical property which measure-preserving
transforms enjoy.

Theorem 3.6 (Poincaré’s Recurrence Theorem). Let (X, B, 1) be a probability space,
let T: X — X be measure-preserving and let £ € B be such that pu(F) > 0. Then
p-almost all points of F return infinitely often to E under the iteration of 7. L.e. there
exists F' C E such that pu(F \ F) =0 and

VeeF:adni <ng <...e N: TMz, T™zx,...€ E.

Proof. Let B be the set of points in E that never return to E, i.e.
B={a eE’sz 1:The ¢ By = B\ < U T‘k(E)).
k>1

As E € B and T is measurable, T~%(FE) € B, so B € B by the definition of o-algebras.
Furthermore, by definition, 77"(B) is the set of all points that are in E after n > 0
steps but then never return to E. Let us show that for all m > n > 0 T7"(B) and
T~—"(B) have the same measure and are disjoint. The first follows from the fact that T'
is measure-preserving, so 177~ " is so as well, see Remark and the following identity:

T(B) =T (T7"(B)) = u(T"(B)) = u(T"(B)).

Let us now show that 7-™(B) NT~"(B) = (. Assume the converse, i.e. there exists
xeT™™(B)NT ™(B). Then

Tz e T~ ™" (BYnBCT ™ (EYNB=0
by the definition of B. That’s why (7" (B))n>0 are disjoint, so

L= p(X) > p (U T—“<B>) = S w(TB) = Y u(B) = u(B) = 0.

n>0 n>0 n>0

15



3 MEASURE-PRESERVING TRANSFORMATIONS

In particular, as u(E \ B) = pu(E), almost every point in E returns to E. Now, in order
to show that a.e. point returns infinitely many times, we set for all n > 1

Bn:{er(T"erbutTkmngVk>n}

- Enr @)\ (UT®).

k>n

In other words, B,, are the set of points in E that are the last time in E after n steps.

Let us show that u(B,) = 0. To this end, note that

T"(B,) = (T"(E)NE) \ ( U Tk(E)> CE\ ( U T’“(E)) = B,

k>1 E>1

ie. B, C T ™(T"(B,)) C T "(B), so u(B,) < u(T~™(B)) = u(B) = 0. Now we let
B = Un>0 B,,, where By = B, be the set of points in F that only return to E finitely
many times and let F = E\ B. Then for all z € F, (T™z),> is infinitely often in E,
and u(E\ F) = u(B) =0, so F is a desired set. O

We will show for a concrete example the statement of the theorem (without using it).

Example 3.7 (Grasshopper] revisited). Let T ~ [0,27) be the torus, a € (0,27), and
T: T — T be defined by Tx =z + « for z € T.

1. Assume that « is 27-rational, i.e. «o/(27) € Q. Then «o/(27) = m/l for some
coprime m,l € N, i.e. m and [ have no common prime factor.

Exercise 3.8. Show that nm/l € N for n € N if and only if n/l € N.

Then T"z = x + na = x + (2mnm) /I for all n € N. By the exercise above,

Ty =z <= <E|l;:€N: 27r7m:27rl~f>

¢:><3%6N¥n7 :%>

<— (EIkGN:n :lk:)

Thus, T is periodic with period l. In particular, every point in a subset E € B(T)
returns infinitely often to E.

2. Assume that « is 27-irrational, i.e. /27 & Q.

Lemma 3.9. Let o € (0,27). There exists n € N such that (na)
min(a/2, 7 — a/2)) or (2m — na) < min(a/2, 7 — a/2)).

mod 27 <

mod 27

16



3 MEASURE-PRESERVING TRANSFORMATIONS

Proof. W.l.o.g. assume that a < 7, otherwise consider 2 — a. Let £ > 1 be such
that ko > 27 and (k — 1)a < 27. If ka — 27 > «/2, then

27r—(k—1)a:27r—ka+a<a—%:§,

so we can set n = k — 1. Otherwise n = k is as desired. O

Corollary 3.9.1. For any a € (0,27) and € > 0 there exists n € N such that
either an < ¢ (mod 27) or 2m — an < ¢ (mod 27). In other words, an € (—¢,¢)
(mod 27).

Proof. By Lemma there exists n; € N such that oy = any € (—a/2,a/2)
(mod 27). Further, there exists ny € N such that ajne = aning € (—a/4,a/4)
(mod 27). By induction, there exists for any k € N ny,...,n; € N such that

o «

any...ng € (—216, 2k> (mod 2).
Hence, choose k € N such that k > logy(a/¢). Then 2¥ > a/e, so a/2F < ¢.

Thus, an € (—¢,¢) for n =ny...n. O

Corollary 3.9.2. Let a € (0,27) be 2n-irrational, / C T be an open interval.
Then for all z € T, (T"x),>1 occurs in I infinitely many times.

As every non-empty open set is the union of open intervals, the corollary also holds
for any non-empty open set. In particular, the orbit of x is dense in T.

Proof. Let € > 0 be smaller then the length of I. W.l.o.g. 2 =0,1 = (a,b),0 <a <
b < 2r[| By Corollary there exists n > 1 such that an € (—¢,¢) (mod 27).
As « is 27-irrational, an # 0 (mod 27), so either an € (—¢,0) (mod 27) or an €
(0,e) (mod 27). Assume the latter (the first case is similar). If m > 1 is such that
an(m — 1) < a (mod 27) and anm > a (mod 27), then

amn = an +(m—1)an < a+e <b,
~N ———
<e <a

as € < b—a. Hence, amn € (a,b) = I (mod 27), so T""x € I. As there are
infinitely many points m > 1 such that

a(m—1)n <a < amn (mod 27),

and as T™"z € I for such m, (IT"x),>1 occurs in [ infinitely many times. O

"Even if your interval “wraps back around” at 0, you can always restrict to a subinterval of the
desired form.
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4 INVARIANT MEASURES

4 Invariant Measures

In this section, we are concerned with the situation where our measure isn’t given. In
other words, we are interested in the following question:

Given a measurable space (X,B) and a measurable transform T: X — X, can one find
a probability measure p on (X, B) such that T is p-preserving?

Such p is then also called T'-invariant.

Example 4.1. Let (X, B) be a measurable space, let T: X — X be such that 7"z = x
for all x € X, i.e. T is n-periodic. Let aq,...,a, € X be an orbit, i.e. aq,...,a, are
distinct, T'a; = a;41 forall 1 <i < n—1, and Ta,, = a;. Assume that {a1},...,{a,} € B.
Fix some p1,...,p, € [0,1] such that > 7_; pr = 1 and set p = >_}_; Prda,-

Exercise 4.2. Show that such p is T-invariant if and only if py =--- =p, = 1/n.

Recall that X is a metric space if there exists p: X — R, such that
1. p(z,y) =0 if and only if x = y for all z,y € X,
2. p(z,y) = p(y,z) for all z,y € X,
3. p(z,y) + ply,z) > p(z,2) for all z,y,z € X.

X is called compact if for all (x,,),>1 € XN there exists € X and increasing (ni)i>1 €
NN such that z,, — x as i — oo, i.e. p(x,x,,) — 0 as i — oo. In other words, X is
compact if every sequence has a convergent subsequence with limit in X.

The following theorem is important as it gives a positive answer to our question for a
wide class of spaces and transforms.

Theorem 4.3 (Krylov-Bogolyubov). Let X be a compact metric space, T: X — X be
continuousﬂ Then there exists a probability p on (X, B) where B = B(X) such that T
is u-preserving or, equivalently, p is T-invariant.

The proof is very long, so we will go step-by-step. Firstly, we will start with the following
definition.

Definition 4.4. Let (X, B) be a measurable space. We denote by M (X) the set of all
probability measures on (X, B). Note that M(X) is convex, i.e. for all u,v € M(X)
and p € [0,1] one has that pu + (1 — p)v € M(X). Further, let X be a metric space.
We endow M (X) with the weak*-topology: A sequence (pn)n>1 € M(X)N converges to
we M(X) weakly* if

VfEC’(X):/de,un%/dep,n—)oo.

Here C'(X) denotes the set of continuous, boundedﬂ functions on X.

8Here, T is called continuous in a pointwise sense, i.e. if Ta, — Tz if 2, — & as n — oco.
9Note that any continuous function is also bounded since X is compact.
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4 INVARIANT MEASURES

Lemma 4.5 (Without proof). Let X be a compact metric space. Then M (X) endowed
with the weak*-topology is compact, i.e. for all (i, )n>1 € M(X)N there exists u € M (X)
and increasing (n;);>1 € NV such that u,, — pu weakly* as i — oo.

Definition 4.6. Let T: X — X be measurable. Then we define T': M(X) — M (X) by

(Tw)(B) = u(T71(B)) ,n € M(X), B € B,

In other words, 7 maps a probability measure to the corresponding image measure.
From now on, let X be a compact metric space. We are interested in properties of 7.

Lemma 4.7. For all 4 € M(X) and f € C(X) one has

[ ratu= [ ror au(= [ 1@@) duw).

Proof. First, assume that f = xyp for some B € B. Then
[ xo AT = (T)(B) — w(T7\(B))

= [ xram)@) dp@) = [ xa(T2) duta).

By linearity, the same can be shown for any step function. The desired follows from the
fact that any continuous function can be approximated by step functionsm ]

Lemma 4.8. Let T: X — X be continuous. Then T: M(X) — M(X) is weak*-
continuous and affine, i.e. for all u,v € M(X) and p € [0, 1] one has that

T(pp+ (1 —p)v) = pT(p) + (1 — p)T(v). (%)

Proof. Let us start by showing that T is weak*-continuous. Let p € M(X), (Hn)n>1 €
M (X)N be such that p, converges to u in the sense of the weak*-topology, i.e.

VfEﬂX%AJde%Afdu

as n — 00. Let us show that [y f dTu, — [y f dTu as n — co. This follows from
Lemma [4.7] and the fact that f o T is continuous and bounded as both f and T are
continuous and f is bounded, so

|t aTu = [ (eT)@) dpn@) " [ (FoT)@) du@) = [ 1 dTn
(%) follows from the fact that for all B € B
(pTp+ (1= p)Tw)(B) = pu (T71(B)) + (1 = p)v (T71(B))
= (pu+ (1=p) (T71(B))
= (T(ou+ (1 - p)) (B). 0

°Tn other words, we use that the set of step functions is dense in in C'(X).

19



4 INVARIANT MEASURES

For measurable T: X — X, let
M(X,T) = {p e M(X): p=Tp}

denote the set of T-invariant probability measures on X. Like M (X), M (X,T') is convex.
We would like to show that M (X,T) # (). Let us start with the following theorem.

Theorem 4.9. Let T be continuous. Then we have p € M(X,T) if and only if
Jx foT dpu= [y f duforall feC(X).

Proof. The statement follows from Lemma and the fact that for u,v € M(X) one
has that ¢ = v if and only if

VfEC(X):/deu:/dey 0

Theorem 4.10. Let 7: X — X be continuous and (0y,),>1 € M(X)N. For any n > 1,
set

1SN -
. T'op, € M(X).
HUn n; On (X)

Then any limit point of (uy)n>1 is in M(X,T), i.e. T-invariant.

Proof. Let p be a limit point of (f,)n>1, i.€. there exists an increasing sequence (n;);>1
such that p,, — p weakly* as j — oo. Then for every f € C(X) one has that foT €
C(X), so

foreran fsol

— tim | [ roT dp, ~ [ 1 am,
J—0o0 | JX X

1 | & 4 .
= lim — Z/ (foTZH) - (f oT1> doy, (Def. of up, Lem. [4.7))
J—00 nj - X
1
= lim — / (f o T"J"H) —(foT) doy, (Telescoping sum)
j=oonj |/x
. 2/ lloe : , :
< limsup (Triangle inequality)
oo My
=0,
hence € M(X,T) by Theorem O

Finally, we are ready to prove the [Krylov-Bogolyubov theoreml

Proof of Theorem[{.3 Fix any (o,)n>1 € M(X)N. Then (un)n>1 from the previous
theorem has at least one limit point u € M (X) by the weak*-compactness of M (X), see
Lemma [£.5] So, by Theorem [£.10] p is the desired measure. O

HEor this fact, see any book on measure theory.
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4 INVARIANT MEASURES

Remark. Note that such a sequence (o,,)n>1 exists as every singleton set can be written
as an intersection of balls with fixed centre and decreasing radii. In particular, all
singleton sets are contained in our o-algebra. Hence, we always have Dirac measures in
M(X).
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5 CONDITIONAL EXPECTATIONS

5 Conditional Expectations

Definition 5.1. Let (X, B, i) be a probability space and A C B be a sub-o-algebra. Let
f: X — R be integrable and B-measurable. Then there exists a um’queFE] A-measurable

function h € L'(X) such that
[ndu=[ ran
A A

for all A € A. Such h is called the conditional expectation of f with respect to A and is
denoted by E[ f | A].

The existence and uniqueness is proven in any measure theory book, e.g. | Measure Theory
by Bogachev.

Examples 5.2.

f

/ =
/ /\\

Ay Ay Az Ay As Ag X

1. Let Ay,..., A, € B be disjoint, A;U---UA, =X, and let A =o({A1,...,4,}).
Assume additionally that p(A4;) > 0,i=1,...,n. Then

n d
E[fM]zZWXA,--
=1 ?

2. Let A ={0,X}. Then E[f|.A] must be a constant as it is A-measurable, and
thus

BIf A= [ Bif |4l du= [ fdu=B[f].

12Up to “almost everywhere” equality.
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5 CONDITIONAL EXPECTATIONS

Properties of the conditional expectation
1. For all f,g € L'(X),a,b € R one has that
Elaf +bg| Al=aE[f|A]+b0E[g|A]

almost surely. In other words, E[- | A] is linear.

2. If f<g,then E[f| A] <E[g|.A]. In other words, E[- | .A] is monotone.
Hint: First show that if for two A-measurable functions fi, fo € L'(X) one has

/ Sidp=> / o dp
A A
for all A € A, then f; > fs almost surely.

3. As X € A,
[l AT an= [ 1 dn
X X

4. For any A-measurable f € L'(X) one has that E[f | A] = f almost surely.

5. Two sets A and B from B are called independent if n(ANB) = pu(A)u(B). Two o-
algebras F,G C B on (X, B) are called independent if for all A € F and B € G one
has that A and B are independent. We say that L'(X) > f: X — R is independent
of the o-algebra A if o(f) == o({fH(B): B € B(R)}) and A are independent. In
this case,

B(f1A]= [ fdn
almost surely.

Proof. Exercise for the reader. O

Hint: Use that [y fg dp= [ f dp [y g dp for independent f,g: X — R where
f.9, fg € L'(X).
6. Let f € LY(X), where f is not necessarily A-measurable, and g € L>®(X) be
A-measurable. Then
E[fglAl=gE[f]A]
almost surely.
7. Let Ay C A; C B. Then for every f € L'(X) we have

E[E[f[A][A]=E[f]Az] (Tower property)

almost surely.

8. Let f: X — R be measurable and A-independent and let g: X — R be A-
measurable. Let h: R?> — R be a Borel-measurable function such that h(f,g) €
LY(X). Then for pu-almost all y € X one has

E(h(£.0) | Al W) = [ h(7@).9(0) du)
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

6 Ergodic Transforms and Birkhoff’s Ergodic Theorem

Let us now return to transformations: Let (X, B, 1) be a probability space and T: X —
X be measurable and p-preserving.

Definition 6.1 (Ergodicity). T is called ergodic if for any A € B such that T-1(A4) = A
one has pu(A) € {0,1}. A set A € B is called T-invariant if T~1(A) = A. A measurable
function f — R[T_gl is called T-invariant if foT = f almost surely.

Recall that the symmetric difference of A, B € B is defined by
AAB:=(A\B)U(B\A).

Proposition 6.2. The following statements are equivalent:

(i) T is ergodic.

(i)  For any A € B such that u(AAT~1(A)) = 0, one has u(A) € {0,1}[7]

(7i1) Every T-invariant function is constant.
Note that the second condition is really a natural relaxation of our definition above for
ergodicity as it states that measurable sets still have measure one or zero if they are

T-invariant up to a null set. This will play in nicely to show that (i) implies (i7i) since
the T-invariance of a function only gives equality almost everywhere.

Proof.

(i) = (ii): Let T be ergodic and let A € B be such that u(AAT-1(A)) = 0.
Let A = N,y50Uisn T_i(A) Let us show that A is T-invariant. To
this end, start with 7-'(A) € A: Fix x € A. For n > 0 there exists
j(n) € N,j(n) > n, such that z € T-7(")(A). Then

T z) C T~ (A) C | JT7(A).

>n

As this holds for every n > 0,

so the desired follows. Let us show that A C T—!(A). This holds as

TYA) =11 (ﬂ U T—i(A))

n>01>n

130ne may also replace R by the compactification [—o0, 0]
141 e. every measurable set A that is apart from a null set T-invariant must have measure zero or one.
151.e. A is the set of x € X for which T%(z) € A for infinitely many i € No.
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

— ﬂ U Z+1

= ﬂ UT (4
n>1i1>n

D A.

As A is T-invariant, u(A) € {0,1}. Tt remains to show that u(AA A) =
0. We start with noticing thatfig]

i=1
=0.
Therefore,
(lur)ss)srlyerss)
<ZM< (4)A4)
Finally,
0ef(ne)e) (e
n>0 n>0
Z (A, AA) =0,

where A, = U, T7'(A).
(i) = (iii): Let f: X — R be T-invariant. Let B € B(R), A = f~(B).
First, note that
p((FoD)y (BYAFTUB)) < plfoT # ) =0.

A8 AAC C ((AAB)U(BAQ)) for any sets A, B,C.
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

Next, notice that
THA) =T (f71(B)) = (foT)7N(B),
so u(AAT71(A)) =0, ie. u(A) € {0,1}. Thus,
n(F1(B)) €{0,1}
for all B € B(R).

Exercise 6.3. Conclude that f is constant a.s.

Proof. For each k € Z and n € N we define

Aﬁ::{xeX:;{;gf(x)<k2—;1}.

(AF) ez forms a partition for every fixed n € N and since f is T-invariant
so is AF. As the preimage of a Borel set of f, u(A¥) equals 0 or 1. Hence,
there exists exactly one k =: k,, such that u(A¥) = 1. Thus,

¢ () A

neN

has measure 1 and f is constant on X with value lim,,_ o0 kn, /2", O

(7i1) = (i): Assume that every T-invariant function is constant a.s. Fix T-invariant
A€ B. Let f =xa. Then

foT =xr-1(4) = XA,
so f is T-invariant. As f is constant a.s., u(A) € {0,1}. O

Theorem 6.4 (Birkhoff’s ergodic theorem). Let (X, B, u) be a probability space and
let T: X — X be p-preserving. Furthermore, let f € L'(X). Then, one has

hm*ZfT” =E[f[G](x) (+)

for almost every = € X, where the left hand side of (x) is well-defined and
G={AeB:T7'(4) = 4}
is the o-algebra generated by / of all T-invariant sets.

Exercise 6.5. Show that any A € G is T —invariantﬂ Conclude that any G-measurable
f: X = R is T-invariant [/

n other words, show that the set of all T-invariant sets is a o-algebra.
18 Just plug in the definitions.
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

Hint: Show that countable unions, intersections, and complements of T-invariant sets
are T-invariant.

Corollary 6.5.1. T is ergodic if and only if for every f € L'(X) one has

]E[f\g]z/xfdu

almost surely. In particular, for almost all x € X, one has

hm—ZfT” /deu

N—oco N

almost surely. That is, T is ergodic if and only if the time average converges to the space
average.

Proof. Let T be ergodic and let f € L'(X). We need to show that

E[f\g]:/xfdu

almost surely. As G is the o-algebra of all T-invariant sets (see Exercise [6.5]), the sets

A= {misig1> [ 1 au},
A ={Blr191< [ fau},
A= {E116)= [ fau}

are T-invariant. In particular, their measure is 0 or 1. Now, as Ay UA_ U Ay = X, one
of them has measure one and the remaining two have measure zero. If u(A;) = 1, then

0=/ fdu—/fdu —/ [f1G] dp— /+/deudu
= [ [Bia - [ran an o0

>0

So, p(A4) = 0. Similarly, p(A—) = 0 and hence pu(Ap) = 1.

Now, let T' be not ergodic. Let us find f € L'(X) such that E[ f | G] is almost surely not
a constant. As T is not ergodic, there exists T-invariant A € B such that 0 < u(A) < 1.
Set f = xa. Then f is G-measurable as A € G. Therefore,

E[f[G]=f=xa

almost surely, which is almost surely not constant. O
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

Corollary 6.5.2 (Borel’s theorem on Normal Numbers). Almost any number z € [0, 1)
has the same frequency of ones and zeros in its binary code, i.e. if

T = Z ak27k

keN

with a1, aq,... € {0, I}IEL then

i £ S e = lim =3 xo(an) = .
m — = lim — = —.
N N 2 X0 = W N 2 X000 = 5

=an :17('1,,
In this case we say that x is normal to base 2.

Remark. This theorem can be generalized to an arbitrary base N 3 b > 1. Also, since
the frequency of ones and zeros of any real number is dominated by its fractional part,
the theorem above actually holds for almost all real numbers.

Proof. Let T': [0,1) — [0,1) be defined by Tz = 2z (mod 1),z € [0, 1).

Exercise 6.6. Show that such T' is measure-preserving (with respect to the Lebesgue
measure).

Let us show that T is ergodic. By Proposition [6.2], it is sufficient to show that for every
T-invariant f: [0,1) — R, i.e. foT = f almost surely, one has that f is constant
almost surely. Fix such a T-invariant f:[0,1) — R. W..o.g. we may assume that
f € L>([0,1)) as we can reset for every C' > 0

C, flz)>C
fl@) =1 f(x), —C<fla)<C
_Cv f(x) < _Cv

which is also T-invariant. As f € L*°([0,1)), then in particular f € L2([0,1)), so it has
a Fourier decomposition _
f(.%‘) — Z bz errlz:c )

Z€Z

As T is measure-preserving, we have in an L?-sense

(foT)(z) = f(Tx)

_ Z b, e27riz~(2x (mod 1))
Z€EZ

_ Z b e27riz~23:
- z

2EZ

_ Z b, e27ri(2z)a:

2EZ

9Note that the coefficients a1, az, ... are for almost any number unique.

28



6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

2 f(z). (T is A-preserving.)

Thus, b, = by, =bys, = ... for all z € Z. If b, # 0 for some z # 0, then }__ 5 ]bZ]2 = 00,
which by Parseval’s theorem contradicts the fact that f is in L2([0,1)). So, b, = 0 for
z # 0 and f is almost surely a constant. Thus, T" is ergodic. Set f = x[1/2,1)- Then by

Corollary for almost every
T = Z ax27% € 0,1)

k>1

we have that

1 N-1
= lim =3 f (Z al+n2l) (I=k—n)

which is the desired result. O

Let us now show Birkhoff’s theorem / Theorem In order to do so we will need the
following lemma:

Lemma 6.7 (Maximal ergodic theorem). In the setting of Theorem (6.4} set for every
zeXand N >1

Sy(z) = Z f(T"x), My (x) == max {Sp(x),...,Sn(z)},

where Sp(x) := 0. Then

/ fdu=>0
{MN>0}

for every N > 1.
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

Proof. For any 0 <k < N and = € X one has My (Tx) > Si(Tz) and so

f(@)+Mn(Tz) > f(z) + Sp(T'x)

k—1
= f(x)+ ) f(T" )
n=0

k
= f(I")
n=0
= Sk+1($).

Therefore,

f(z) > max {Si(x),...,Sn(x)} — Mn(Tz).
Next, for x € {My > 0}, one has that 0 = Sp(z) < My(x), so

My (x) = max {S1(z),...,Sn(x)}

and hence by (x)
f(@) 2 My (z) — (My o T)(x).

Thus,

/ fduz/ My —MyoT dpu
{Mn>0} {Mn>0}

:/MNdu—/ MyoT dpu
X {MN>0}

/ My dp=0
{Mn<0}

since M is nonnegative, so My = 0 on {My < 0}. Now,

as

MyoT d :/ -MyoT d
/{MN>0} N © XX{MN>0} N K
S/MNOT d,u
X

:/MNdu
X

as T is ,u-preservingﬂ Hence, by (x*) and (* * x)

/ fdp>0.
{Mn>0}

20This fact is left as an exercise for the reader.
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

Proof of Theorem[6.]]. First, note that it is sufficient to show that

N-1

1 n
0= Jim 5 3 (") ~BIf 1G] ()
' 1N71
= Jm 5 - BIS |G @)

where E[f |G| (z) = E[f|G](T"z) almost surely as E[ f | G] is G-measurable, and
hence T-invariant (see Exercise [6.5). By replacing f by f — E[f | G], we may assume
that E[f | G] = 0. Assume additionally that f is bounded as bounded functions are
dense in L'(X) and as each of the mappings

N-1

ooy X foTm,
n=0
f=E[f]G]
are continuous linear operators on L'(X) with norm 1. Define
= S
S = lim sup —
n—oo M
S := liminf &,
n—o00 n

where S,, is defined as in Lemma We want to show that S = S = 0 almost surely.
To this end it is enough to show that S < 0 almost surely, as then by considering — f
one gets S > 0 almost surely, so 0 < § < 5 <0, hence S =5 =0.

Let us show that almost surely S < 0. We start by noticing that

_ 1 N—-1
SoT)(z) =1li — > fartt
(SoT)(x) im sup n:of( )

1 N-1 1
= lim sup N 7;) f(T"z) + N (f(TNﬂU) - f(fU)) ]

N—oc0

<2l 0, N—o0

N-1

1
= lim sup — Tz
msup nz;; f(T )
= S(z).

So, SoT = S. Hence S is G-measurable. Fix ¢ > 0 and set
A® = {:UEX: S'(:L')>6}.
Then A% € G as S is G-measurable. We want to show that

1(A%) = 0.
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

The idea: If there is a such a set with positive measure, we could take our original
J and reduce it by something smaller or equal to . Call this new function f¢. By
definition that would also reduce S by . But since A® is G-measurable we already have

[ £ du=[ Elr16]du=0.
A€ A€
If we could then show that
OS/ fedu
AE

0 < —ep(A°).

The proof (continued): Set f& = (f —¢e)xa:. As A® € G, T71(A%) = A° so
xAs 0 T" = x4, and

we would be left with

N-1

Sy(z) = ) f(IT"x) = (Sn(x) — Ne) xas(2),
n=0

My (x) == max {S5(z),...,Sy(z)}.

In particular,

Sy (x) 0, S(z) <e ()
N SNT(I) — ¢, otherwise.
The sequence of sets { M5 > 0} increases as N — M5, increases pointwise. Moreover,
S&‘
B = |J{My>0}=<sup Sy >0p=qsup - >0;. (s5)
NZ1 NeN Nen N

By (%), the following equivalences hold:

€ —
Supm>0 — <3N21zsN(x)—s>O> — S(z) >e.
Nen N N

Therefore,

S& -
e __ N _ A€
B _{SE%N >0}—{S>5}—A.

As f € LY(X), we have f¢ € L'(X) as well, so by the dominated convergence theorem,
(#x) and the previous lemma one has

0< lim cd
=W Joas o) fodp
= fedpu
/UNGN{MIEV>O}
= [ fdu
BE
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

= [ fdu
A€

:/ fdp—ep(A%).
AE

As Af € G, the latter equals
[ BLI1G) du=en(a?) = —en(4),

where we used that B[ f | G] = 0. Thus, u(A°) = 0 for all £ > 0, so S < 0 almost surely
and the desired follows. O

Corollary 6.7.1. Let (X, B, u) be a probability space, T: X — X be u-preserving.
Then T is ergodic if and only if for any A, B € B

1 N—-1
lim —= > p(T7"(A)N B) = w(A)p(B). ()

In other words, the event that a point is in B (if following a probability distribution
according to ) and the event that such a point ends up in A after n steps are in a time
average sense almost independent for large n.

Proof. Let T be ergodic. Fix A, B € B. Then by Theorem

1N1
lim *ZXA T'r) = /XXA dp = p(A)

N
—)OO —0

for almost every z € X. Hence,

N-1

Jim 3Tt = A

<xB(z)

for almost every « € X. Thus, by the dominated convergence theorem, we get

p(A(B) = [ (A d

~ lim —Z/ Xrna(@)xs(@) du(@)  (T"c e A < e T~"(A))
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6 ERGODIC TRANSFORMS AND BIRKHOFF’S ERGODIC THEOREM

which is (x).
For the other direction, let (%) holds for any A, B € B. Fix A € B such that T~1(A) = A.
Then by (%)

(1(4))* = lim_ N Z p(T~(A) N A) = p(A).
So, u(A) € {0,1} and hence T is ergodic. O
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7 Ergodic Measures for Continuous Transforms

Recall the notation used in Section [4] i.e.
e X is a compact metric space,
o B = B(X) is the Borel o-algebra generated by all balls in X,
e T: X — X is continuous,

o M(X) is the set of all probability measures on (X, B) and endowed with a weak*-
topology, i.e. p, — p in M(X) if for all f € C(X)

/fdun—>/ J dp,n — oo,
X X

e M(X,T) C M(X) is the set of all T-invariant probabilistic measures, i.e. p €
M(X,T) if u(T~1(A)) = u(A) for any A € B. By Section |4 l M(X,T) is non-
empty.

Our goal in this chapter is to study the structure of M (X,T') further and, in particular,
establish that there always exists a measure such that 7T is ergodic under the above
conditions.

Definition 7.1 (Ergodicity, absolute continuity, mutual singularity). We say that p €
M(X,T) is called ergodic if T is ergodic on (X, B, u). For u,v € M(X) we say that u
is absolutely continuous with respect to v if for all A € B v(A) = 0 implies u(A) = 0.
We denote this by p < v. p and v are mutually singular if there exists A € BB such that
w(A) =0and v(A) = 1.

Lemma 7.2. Let u,v € M(X,T) be ergodic. If 4 < v, then p = v.
Proof. Fix a measurable and bounded function f: X — R. By Theorem [6.4] one has

hm—ZfT” —/dey (%)

for v-a.e. z € X. Let Q C X be such that v(2) = 1 and (%) holds pointwise on . Then
v(X\Q)=0,s0 u(X\Q)=0,up(Q) =1. Thus,

hm—ZfT” —/deu

N—oco N

for p-a.e. © € X. But by Theorem it equals

[+ an
/deu:/xfdy.

By taking f = x4, A € B, one gets u(A) = v(A), so p=v. O

p-a.e. Hence,
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7 ERGODIC MEASURES FOR CONTINUOUS TRANSFORMS

Figure 9: Extremal and points of a convex polygon

We say that p € M(X,T) is an extremal point of M (X, T) if there is no v,n € M(X,T)
and p € (0,1) such that p = pv + (1 —p)n, v # u,n # wp. In other words, p is extremal
if it can’t be written as the convex combination of two other points.

It is known that in a space of dimension d € N, any non-extremal point can be written
as the convex combination of d extremal points. The same doesn’t generally not hold in
an infinite dimensional space.

Proposition 7.3. u € M(X,T) is extremal if and only if it is ergodic.
Proof.

“ =7 Let pu be extremal. Assume that it is not ergodic. Let A € B be such that
0 < p(A) <1and T71(A) = A. Let for any B € B

_ u(ANB)

a(B) p(B O (X )\ 4)

a@ 0 malB) =Ty

By [Exercise Sheet 3| fi4, ix\ 4 are in M(X,T). Furthermore, 1 = pu(A) - pia +
(X \A) - px\a- As 0 < pu(A) <1andas g # p, pt # fix\, p is not an extremal
point. % So, p is ergodic.

“<=": Let p be ergodic. Assume that p is not extremal. Then there exists v,n €
M(X,T),p € (0,1) such that v # n,n # p, and p = pv + (1 — p)n. If for
A € B one has u(A) =0, then 0 = pr(A) + (1 —p)n(4),soas 0 <1 —p,p<1
and v(A),n(A) are nonnegative, v(A) = n(A) = 0. Thus, v < p and n < p.
Similarly, if ©(A) =1, then 1 = pr(A) + (1 —p)n(A4), so v(4) =n(A) = 1.

Fix T-invariant A. Then p(A) € {0,1}. So by the derivations above,
v(A4),n(A) €{0,1},
thus v and 7 are ergodic. By Lemma v=mn=up. %S0, uis extremal. []

Proposition 7.4. M(X,T) is convex compact with respect to the weak*-topology.

36



7 ERGODIC MEASURES FOR CONTINUOUS TRANSFORMS

Proof. M(X,T) is convex as by our remarks in Definition Let us show that it
is closed, i.e. for all (un)n>1 € M(X,T)N such that u, — pu weakly* one has that
uw € M(X,T). To this end, note that, by the definition of weak*-convergence, for all
fed(X)

d:hm/ d
/Xf % HOOXf %

= lim / foT duy, (Theorem [4.9)
n—oo fx
f°T€:C‘X)/ FoT dp. (%)
X

By Theorem and (x), we conclude that p € M(X,T). Thus, M(X,T) is closed.
As M(X,T) is closed and as M(X) is compact by Lemma M(X,T) C M(X) is
compact. ]

Theorem 7.5. There exists at least one ergodic measure p € M(X,T).

Proof. By the Krein-Milman Theorem{ﬂ, any convex compact set in M (X) is a closed
convex hull of its extremal points, i.e. the smallest closed convex set containing extremal
points. In particular, as M (X, T') is non-empty (see Theorem, it has extremal points,
which are ergodic measures by Proposition [7.4] O

Example 7.6. If M (X,T) contains only one measure, then this measure is ergodic. E.g.
X=T,Tr=xz+«a, x € T, where « is 2w-irrational, see [Exercise Sheet 2|

Proposition 7.7. Let u,v € M(X,T) be ergodic and p # v. Then p and v are mutually
singular.

Proof. By the definition of mutual singularity, we need to find some A € B such that
u(A) =1 and v(A) = 0. By Lemma as i # v and as u and v are ergodic, they
are not absolutely continuous to each other. Therefore, there exists B € B such that
w(B) >0 ad v(B) = 0. Consider the set of points that return to B infinitely often, i.e.

A= UT"B).

n>0i>n

We have previously shown that T71(A) = A. Furthermore,

v(A)=v (ﬂ U T_i(B))

n>0i>n

<> v(T7(B))

>0

=>_ v(B)

>0

21Gee any reference on functional analysis, as we won’t state it here.
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7 ERGODIC MEASURES FOR CONTINUOUS TRANSFORMS

=0.

As A is T-invariant and p is ergodic, u(A) € {0,1}. It remains to show that p(A) > 0.
To this end, note that

f (U T_i(B)) > (T7"(B)) = u(B),
>n
i.e. the measure of those sets is bounded from below. So,

I (ﬂ U T—l(B)) = lim 4 (U T—l(B)) > u(B) >0

n>0i>n >n

since (Uiz” T_l(B))n>0 is a decreasing sequence of sets. O
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8 MIXING

8 Mixing

Definition 8.1. Let (X, B, u) be a probability space and T: X — X be p-preserving.
The T is called (strongly) mizing if for all A, B € B

lim (T (A)N B) = p(A)u(B).

n—oo

T is called weakly mizing, if

1 N-1
Jim n; |1 (T7"(A) N B) — p(A)p(B)| = 0.

In other words, strong mixing means that 7-"(A) and B are almost independent for n
large enough, while weak mixing means the same but in the time-average.

Remark (Why use —n in the exponent instead of n?). In our introductory chapter we
have discussed that mixing means in a literal sense that applying T' n times to a certain
portion of space A € B should give for large n a sort of mixing behaviour. But here, we
use —n instead of n. Formally, T~ “behaves” better when working in measure theory.
But there are other reasons: If T is an invertible measure-preserving transformation,
then pu(T~"(A)N B) = n(ANT"™(B)) so one may think of applying the transformation
a bunch of times to B instead A to achieve this mixing behaviour. So, our original
idea of mixing agrees with our new notion for suitable T'. For general T, one can also
get a different natural interpretation using probabilities: ©(7~"(A) N B) can be seen
as the probability that a particle following the probability distribution p is in B and
after n steps in A. Strong mixing states that for large n the two sub-events are almost
independent, i.e. the probability is asymptotically the same as the product of the two
probabilities.

Remark. The conditions of the definition can be checked only for A, B € A, where A
is an algebra generating B, i.e. o(A) = B, see Theorem 1.17 in Walters’ An Introduction
to Ergodic Theory.

Proposition 8.2. Strong mixing implies weak mixing, weak mixing implies ergodicity.
Proof. For the former implication, consider the real-valued sequence (ay,),>0 defined by
an =pu (T "(A)NB).

Since T is by assumption strongly mixing, it means that a,, — u(A)u(B) = a,n — oo.
As |a,, — a| is non-negative, it suffices to show that

N—-1
lim — —al <0
iy 5 oo
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8 MIXING

For that, fix € > 0. Then there exists Ny € N such that |a,, —a| < € for all n > Ny. It
follows that

1 N-1 AR N-1
NZ|an—a|:N Z|an—a|+2|an—a|
n=0

n=0 n=~Np

1
< — — .
N (N() 0<%€}\)ﬁ{)71 |an (I| + (N N()) E)

— e, N — o0.
Let us now show the latter implication. Fix A € B such that T1(4) = A. By the

definition of weak mixing,

N—-1
0= Jim 3 [ 1 4) = 7] = ) -

so u(A) € {0,1}, so T is ergodic. O

The question is now if for some of these notions we have equality, which turns out to be
false for both cases.

Remark (“Ergodicity # weak mixing”). Indeed, let X = T ~ [0,27), a € [0,27) be
2m-irrational, Tx = z 4+ « for all x € X. Then T is ergodiciﬂ (see [Exercise Sheet|
[B). Let us show that T is not weakly mixing. W.lo.g. a € (0,7), otherwise we reset
o =21 —a. Let A= B = (0,¢) for some ¢ < /2. Then if for some n > 0 one has that
T-"(A)N B # 0, then T~ (A)N B = (). Thus,

p(A(B)

o= .. 1N
liminf — Y |u(T"(4) N B) - p(A)u(B)| > limint — = p(A)u(B) = ==
=0

N—oco N N 2
n=

So T' is not weakly mixing.

Remark (“Strong mixing # weak mixing”). For such an example, have a look at
Walters’ An Introduction to Ergodic Theory and the references therein.

Let f: X — R be B-measurable. Set Urf := foT. Note that |Urfl|;» = || fll1»-

Theorem 8.3. Let (X, B, 1) be a probability space and T: X — X be u-preserving.

(a) The following are equivalent:
(i) T is ergodic.
(ii)  For all f,g € L*(X)

1N71
lim — nfogdu=| fd dp.
NE}})ONT;]/XUTJCQ H /Xf u/Xg iz

22With respect to the normalized Lebesgue measure.
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8 MIXING

(iii) TFor all f € L*(X)

pg&E:/Uﬁ¢WM—(/fd@-

(b) The following are equivalent:
(1) T is weakly mixing.
(i) Forall f,g € LZ(X)

lim —

QdN’—O

(7it) Forall f € L2(X)

ﬁ&ﬁf (/fd@ =0.
(iv) TForall f € L*(X)
912
ggf /%ﬁMaUﬁM)za

(c) The following are equivalent.

(i) T is strongly mixing.

(i) For all f,g € L*(X)
hm/UTf g dp= /fdu/gdu

(iii) For all f € L?(X)

hm/ﬁ@ffdu—(/fd@.

In particular, T is strongly mixing if for any f,g € L?(X) URf and g are almost
independent for n large enough.

Proof. We will only show (c), (a) and (b) can be shown similarly.
(ii) = (i): Let A, Be€B,f=x4,9=xp- Then

lim p(T7"(A)NB) = lim [ X7p-na)-XxB dp

n—oo n—oo X

= lim xaoT" - xp du

n—oo X

= lim/U%f'g du
X

n—oo

@/fdu/gdu
X X

= u(A)u(B).
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(1) = (i1): By (i), one has that the equality in (¢¢) holds for any A,B € B, f =
XA,9 = xB- By the bilinearity of that equality, we can extend it to all
simple functions. Fix any f,g € L?(X),e > 0. Then there exists simple
f,§ € L*(X) such that

|7 -7

Then for all n > 0 we have with the triangle inequality that

’/XU%f-gdu—/deu/ngM‘

2 <6 lg —dll <e.

<|[ virogan- [ vprgai (*)
+ /XU:?‘f-Q du—/XUé’r‘f-ﬁ du’ )
+ /}{U%f-g du—/deu/Xé du‘ (% %)
| Faufgdn— [ ranfgad (3 4)
+/Xf du/ngu—/Xf du/ngu‘- )

o By the Cauchy-Schwarz inequality, (%) is bounded from above by
U £l 2 lg = Gll2 < el fll 2

as US| 2 = [1/] 22
o (%) is bounded from above by

|vzr =)

Lol < e(llgllpe +¢)

o (x**) goes to zero as n goes to infinity as f, G are simple.
o (%% %*) is bounded from above by

191l L2 <e(llgllgz +¢)-

f=1]

L2

e (% x*%*) is bounded from above by

1fllz2 lg = gl < ellfllze -

As ¢ > 0 was arbitrary,
’/ Urf-g d,u,—/ I du/ g du‘—>0,n%oo.
X X X
(i1) = (ii7): Obvious.
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(iii) = (ii): Fix f € L*(X). Let

Ff::{géLQ(X):/XU%f-gdu%/de,u/ng,u,n%oo}.

We want to show that Fy = L?(X). Note that Fy is linear, contains f
by (éii) and contains all constants as

/XU?f du:/xf d p.

F} is closed, which can be shown analogously as in the “(i) = (ii)”
step of the proof. Further, F; is Up-invariant, i.e. if g € Fy then
Urg € Fy because

lim/U%f-UTg dp= hm/U;*If-g dp
X X

n—oo n—oo

=/deu/ngu

— [ 1 au [ Urg dp
X X

where the first and last equality follows from T being measure-preserving.
Now, let g L Fy. Then, as U3 f € Fy, [x U f-g dp = 0. Further, as all
constants are in Fy, [y g du=0. Thus,

tim [ Upfogdp=0=[ fdu[ gdn

s0 g € Fy. Hence, g = 0 and Fj- = {0}. Thus, Fy = L*(X). O
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9 ONE- AND Two-POINT MOTION

9 One- and Two-Point Motion

Let (X, B, u) be a probability space, T: X — X be p-preserving. A two-point motion
TxT: X xX — X xX isdefined by (T'x T)(z,y) = (T'z,Ty) for z,y € X. Let BB
be the o-algebra generated by {A x B C X x X: A, B € B}. Let the measure pu ® p
on (X x X,B ® B) be the product measure defined by (1 ® p)(A x B) = pu(A)u(B) for
A, B € B: u®pu can be uniquely extended to the algebra A generated by Ax B, A, B € B
adn then extended to B ® B by Theorem [2.10]

Exercise 9.1. Show that 7' x T is (B ® B)-measurable and (u ® p)-preserving.

There are two strong connections between the properties of T"and T' x T. We start with
the following:

Theorem 9.2. T is strongly mixing if and only if T x T is strongly mixing.

Proof. See [Problem 4 on Exercise Sheet 5| O

Our main goal is to get the same result, but for weak mixing. To this end, let L?(X)
contain all C-valued L? functions and let L3 := {f € L*(X): [y f du =0}.

Definition 9.3. Let Up: L?(X) — L?(X) be defined by Urf := foT. Then T is called
to have continuous spectrum if the only eigenvalue of Ur is 1 and the only eigenfunctions

are constants, i.e. the equation
Urf=Af (A €C, f e L*(X))

only has the solution A = 1 and f = ¢ for some ¢ € C\ {0}. Equivalently, 7' has
continuous spectrum if Ur defined on L3 has no eigenvalues.

Remark. Let A be an eigenvalue of Ur, i.e. Urf = Af for some f € L?(X),f # 0.
Then

12 = 1) LW, Urf) = 0L = PP F) = A =1,

where (-, -) is the inner product in L?(X) defined by

(f.g) = /X fg du,

and where (k) follows from the fact that T" is u-preserving.

Theorem 9.4 (Mixing theorem). Let (X, B, 1) be a probability space, T: X — X be
an invertible p-preserving transformation. Then the following are equivalent:

(1) T is weakly mixing.

(i) T x T is weakly mixing.

(#i1) T x T is ergodic.
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9 ONE- AND Two-POINT MOTION

(7v) T has continuous spectrum.

Further, if T is not invertible, then (i) <= (ii) <= (ii7).

Lemma 9.5 (Cesaro product). Let (an)n>0, (bn)n>0 be real-valued (or complex-valued)
bounded sequences and let a,b € R (or a,b € C) such that

A}gn NZ|an—a|—O lim —Z|b — b =0,

then
A}iinoo% ; |anby, — ab| =
Proof. Tt is sufficient to note that
|anbn — ab| < |an| by — b| + |b] |an — a| < @b, — b| + bla, — al,
where @ = sup,,>¢ |an| V |al b= sup,,>q [bn| V |b]. O
Lemma 9.6. T x T is weakly mixing (X x X,B ® B,u ® p) if and only if for all
A B,C,DeB

lim — Z |(u®u) ((T xT)""(Ax B)n(C x D)) — (@ p)(Ax B)(p® p)(C x D)| =0. (%

In other words, it suffices to look at product sets to show that T' x T is weakly mixing.

Proof. Let A C B® B be the algebra generated by Ay := {A x B: A, B € B}. Note that
any F € A can be represented as £ = E1 U---U E}y, for some disjoint Fy,..., E, € AOE
So, for all B, F € A there exist disjoint F1, ..., E, € Ag and disjoint F1,..., F, € Ay
such that E = FyU---UFE,, F=F U---UF,, Therefore, we get

N-1
tim 3" |(u® ) (T % T)"(B) 1 F) — (@ p)(E) s © p)(F)|

kE m
> (o) (T < T)™"(E) N Fy) = (n® w)(B:) (1 © ) (Fy)

k m
<22 Jm % (@ ) (T x T) (i) 1 Fy) = (1 ® ) (Bi) (e ® pr) (F)|

by () and the triangle inequality. As B® B = o(A), the desired follows from a [remark]
[in the last chapter| ]

Z3This fact can be proved inductively and is left as an exercise for the reader.
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Proposition 9.7. Let H be a (C-valued) Hilbert space, U: H — H be a unitary
operator, i.e. UU* = U*U = idy. Then for any f € H there exists a probability
measure Ef on S' := {z € C: |z| = 1} such that

¥nez: (U, f) /)\” dEs(\ ()

In particular, if (X, B, u) is a probability space and 1" an invertible u-preserving transfor-
mation, then Ur is unitary on L3(X), has continuous spectrum, so for all f € LZ(X),
E\(f) from (¥*) has no atoms,@ ie. Ef({\}) =0for all A € S, and (x*) becomes

WRS £ = [ VRS- T du= [ X" d B,

Proof. See Theorem 1.25 from Walters’ An Introduction to Ergodic Theory or Halmos’
Lectures on Ergodic Theory. O

Proof idea. Let E be the spectral measure of Uy on LZ(x). This means that for all
measurable K C S! E(K) is a projection, and that [¢ A d E(A) = Ur in a weak sense,
i.e. forallm >0, f,g € L3(X), we have

Wif.g)= [ A" d(EWL.g).
As Ur has continuous spectrum, E({\}) = 0 for all A € S, so By := (Ef, f) does not
have atoms as well. O

Proof of Theorem[9.4 First, let T be an invertible p-preserving transformation:

(i) = (ii): Let T be weakly mixing. Let us show that T' x T is weakly mixing.
By Lemma (9.6} it is sufficient to show (%) for all A, B,C, D € B, which
follows from the fact that

N—
Z (p®p) (T x T)""(Ax B)N(C x D)) — (n® u)(A x B)(n® p)(C x D)

2_: |W(T™"™(A) N C)(T™"(B) N D) = (n(A)p(C)) (n(B)u(D))|
—0,N — oo
by Lemma [0.5] and the fact that T is weakly mixing.
(ii) = (i1i): See Proposition

(#i1) = (iv): Let T x T be ergodic. Assume that T' is without continuous spectrum,
i.e. there exists A € C and nonconstant f € L?(X) such that Upf =
foT =MAf. Set 3
f(@,y) = f(2)f(y)

24Gee |StackExchangel
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9 ONE- AND Two-POINT MOTION

for 2, € X. Then f € L?>(X x X) and for all z,y € X
(

Ursrf(z,y) = (fo (T x T))(z,y)
f(Tz,Ty)
f(Tx)f(Ty)

M () f(y)
f(z,y),

where || =1 by the remark above]

As f is not constant but (T x T)-invariant, 7' x T is not ergodic by
Proposition [6.2] 4 Thus, T has continuous spectrum.

Assume that T has continuous spectrum. Let us show that T is weakly
mixing. By Theorem it is sufficient to show that

lim — =0

/UTf Fdp- ’/fdu

for all f € L*(X). Clearly, equality holds if f is constant a.e. Hence,
w.lo.g., by setting f = f — [x f dp, we may assume that f € L3(X),
so we need to show that

N—-1 2

Jim 3 [ visFdu =0
1N—l 2

= A}i_r)nooﬁg Sl)\" dE;(\)| =0,

where the equivalence follows from Proposition[9.7] By Fubini’s theorem,

N—-1 2

AT dBf()

1 N—-1 . . B
:NZ Sl)\ dEf()\)/Sl)\ dEs(\)
n=0

Recall that if x # 1, then

so if Av # 1, then

1 N1
v X

n=0
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If A\v =1, then
1 N1
—> () =1
N n=0

By the dominated convergence theorem, we thus get that

1 N-1 B
N 00)" d(E; @ Ef)(\ v
[ v 2 09" (B © EO)
N—o00 =
=t L xaoms d(Br @ B ()

= /slxsl o= d(Ef ® Ep)(\v)
= (Ef®Ef)(D)7

where D is the diagonal of St xS!. The latter equals zero due to Fubini’s
theorem as Ey has no atoms:

(By © E)(D) = [ Ef({A}) dEs() = 0.

Let us now show the second part of the theorem: While proving (i) = (ii1) = (i19),
we did not use the invertibility of T, so we only need to show that (iii) = (i). So,
let T'x T be ergodic. Fix A, B € B. Analogously to Theorem (or [Exercise Sheet 5))
it is enough to show that

1 N-1 1 N-1
Jim < T;OM(T’"(A) NB)= lim — ;::O(M@M) (T xT)™(Ax X)N (B x X))
= (L@ p)(Ax X)(p®p) (B xX)
= u(A)pu(B),

where the second equality follows from 7" x T being ergodic. Similarly,

1 N-1 9 1 N-1
lim — > (W(T (A)NB))" = lim i d (wop) (T xT)™™(Ax A)N (B x B))

n= N—roo n=0

= (n@p)(Ax A)(pep) (B x B)
= (u(A))* (u(B))?.
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9 ONE- AND Two-POINT MOTION

Thus,
1 N-—1 9
Jim go (T (A) N B) — p(A)u(B))|
N-1
= Jim =3 (((T7"(A) N B)) = 2u(A)p(B) (T(A) OV B) + (u(4))* (u(B))?)
This completes the proof. O

Example 9.8 (“Mixing should change distances.”). Let (X, d) be a metric space B =
B(X) be the Borel o-algebra, p be a probability measure on (X,B). Let T: X — X
be p-preserving such that 71" preserves small distances, i.e. there exists § > 0 such that
d(z,y) <0 = d(Tz,Ty) < 6 for all z,y € X. Assume that § is neither too small or
too big, i.e. for all x € X the ball

Bs(z) ={y € X: d(z,y) < d}
does not have measure 0 or 1. Then 7T is not weakly mixing. Indeed, let
A={(z,y) e X x X:d(z,y) <0} C X x X.
Then

z,y) € X x X:d(Tz,Ty) < d}
z,y) € X x X:d(x,y) <0}

As T is p-preserving, T' x T is (i ® p)-preserving, so
n (T x1)7HA)) = (ne p)(A),
SO we get

(o) (T xT)HA)AA) = (pep) (T xT)7'(4)\ A)

= (e p) (T xT)7(A4)) ~ (1 p)(4)
=0.

On the other hand, by Fubini’s theorem,

(@) = [ [ Xiwpes duw) dut)

= [ n(Bs(a) dp(a).
X
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9 ONE- AND Two-POINT MOTION

As u(Bs(z)) € (0,1) for all x € X, the latter integral is within (0, 1) as well, so
0< (n®u)(A) <1

Hence, by Proposition [6.2] 7" x T is not ergodic, so by Theorem T is not weakly
mixing.

Remark. Similarly, if there is some notion of angles in your space, one may show that
if the angle is sufficiently preserved by the transformation, then one can show that the
transformation can’t be weakly mixing by a similar ad-hoc argument.
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A Solutions to Exercise Sheets

Exercise Sheet 1

1. Show that there exist measurable spaces (Xi,B;) and (X2,B2), a measurable
transform T: X1 — X9 and a set A € By such that T(A) = {Tx: x € A} C X5 is
not in Bs.

Solution. Take X1 = Xo = {0,1} = X, T = idx,B; = o({0},{1}) = 2% and
By = {0, X5}. Clearly, T is measurable as {T71(0),T-*(X)} = {0, X} C By.
However, T(A) = {0} & By for A = {0} € By. O

2. (Exercise Let X = T ~ [0,27) be the torus, B = B(T), A be the normalised
Lebesgue measure on T, i.e. VO < a < b < 27 we set A([a,b]) = (b—a)/(27). Let
n > 1 be an integer and let T: X — X be defined by

Tr=(nx) modor =27 {Zm} x € 10,2m).
T

(a) T is measurable and measure-preserving as a map from (X, B, \) to itself.
Proof. Let 0 < a < b < 2w. We see that
T (a,b) ={xr € X|3Fkec{0,...,n—1}: a < nzx— 21k < b}
B nol [a + 27k b+ 27rl<:>

)
n n

k=0

So the preimage of all half-open intervals that are subsets of X are all in B.
Furthermore, this shows that

)\(T ) ZA({(H-QW/{ b+27rk>)_b—a:)\([a,b)).

n 2T

As the half-open intervals generate B and A is o-finite, T" is measurable and
measure-preserving by Theorem [2.10] O

(b) If n # 1, then T is not bijective. Furthermore, there exists a segment
A C[0,27) such that A(A) # A(T'(A)).

Proof. For the first part of the claim, consider 0 and 27 /n. Obviously, those
are two distinct numbers with 7'(0) = 0 = T'(2w/n). So T is not injective
and in particular not bijective.

For the second part, consider A = [0,27/n). Then we have

AA) = T £ 1= A(T(4)

since n # 1. O
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3. Let a,b,c,d € Z be such that ad — bc = 1.

(a)

Let h € R?. Let S: R2 — R? be defined by

Sz = (a b)az—h,xeRQ.
c d

Then S is a bijection and its inverse given by

S7Hy) = (d _b> (y+h).

—C a

Furthermore, S preserves the Lebesgue measure.

Proof. We first show that S is a bijection with the given inverse: If y = Sz,
then, due to ad — bc = 1, it follows that

Sy = (_dc ab> (Sx+h) = (_dc ab> <Ccl Z) r=x.

Similarly, one can show that if # = S~!(y), then Sz = y. Thus, S is a
bijection with the given inverse.

To show that S preserves the Lebesgue measure, note that S is a diffeomor-
phism. Furthermore, we have for all y € R? that

d b

DS (z) = (_C i ) = }det (DS*I(;U))' —ad —be=1.

So, by a change of variables we get for all A € B(R?)

A(s7HA) = /A‘det (D57 ()| dz = A(4).

Thus, S is measure-preserving (with respect to the Lebesgue measure). [

Let X :=[0,1)? and let B and T: X — X be defined as in Example m
Then T preserves the Lebesgue measure.

Proof. As we have already shown, T is a bijection with inverse

T7'(y) <<_dc _ab> y) = ( {{_dg;l;bgjgﬁ Y= @) € X.

We first show that T is measurable in the first place, see Exercise [3.4 For
that, it suffices to show that the mapping

e (3)- ()
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is measurable] For that, fix A € B. We then have

FHA) = | (A+w).

vEZ2

As translations are measurable and Z? countable, F~!(A) is the countable
union of measurable sets, so F'~1(A) € B. Thus, T is measurable.
To show that T is measure-preserving, we use the following lemma:

Lemma A.1. Let X = [0,1)2,7: X — X be a measurable bijection.
Assume additionally that there exists an open subset B C X of full Lebesgue
measure A such that 7" is continuous on B. Then T preserves the Lebesgue
measure if and only if for any x € B there exists 6 > 0 such that for any
measurable A C X within the ball of radius § with the centre in T'x one has

that A(A) = AM(T71(4)).

To use this lemma, note that 7' is continuous for x = (x!,2?)" € X if none
of az' 4+ bz? and ca' 4 da? is an integer. Indeed, in a small neighborhood
around z, where az'4b3? and ci! +d#? are also not integers for all # in that
neighborhood, we have that T" then acts just like a linear transformation,
which in particular is continuous.

Next, let By C X be the subset of all such = (z',22)" € X where none
of az' + bx? and cz' + dx? is an integer. Clearly, B; is open, as one can
always (as we implicitly used before) find a neighborhood around z € B;
that is also completely contained in By. By our previous observation, B is
thus an open set on which T is continuous on.

To show that Bj is also of full measure, note that

T(X\By)={zeX:a' =0}u{reX:a?=0},

i.e. it’s the union of two finite line segments with one endpoint at the origin.
Let us now think of each step when applying 7! on both sides. Applying
a linear transformation would preserve them being lines with one endpoint
at the origin and applying F' would turn them into a union of finite affine
line segments. Thus, \(X \ B1) =0, so By is of full measure.

Furthermore, By = (0,1)? is also open and of full measure. Thus, B =
B1 N By is an open subset of full measure on which 7T is continuous.

Now we can apply the lemma: Let x € B. Choose § > 0 in such a way
that the ball of radius 0 with centre T'z is contained in T'(B). Let A € B be
within the ball of radius § around Tz. As the Borel o-algebra is generated
by open sets, we may assume w.l.o.g. that A is open. Then 7~ !(z) € (0,1)?
for all z € A by definition of By. This implies that none of dax' — bx? and
—cx! + ax? is an integer, meaning that 7' is continuous on A. More

25If one were pedantic, we should really consider F|X, but as B is the “relative o-algebra” on X
induced by B(R?), it doesn’t matter.
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1

specifically, T~ is — restricted on A — a diffeomorphism with

DT (z) = ( d _b> == ‘det (DT_l(x))’ =ad—bc=1.

—C a

In particular, we see again by a change of variables that
A(T7(4) :/ [det (DT (2))| dr = A(A).
A
Thus, by Lemma, T is measure-preserving. O

Remark. Alternatively, one may argue that 7! restricted on A looks like a
function as in (a) for a suitable h. Hence, it immediately follows that 71 is
measure-preserving when restricted onto A.
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Exercise Sheet 2

The goal in this sheet is to show that the only probability measure for which the 27-
irrational rotations on T are measure-preserving, is the normalized Lebesgue measure.

1. Let T ~ [0,27) be the torus and let u be a probability measure on (T, B(T)).
Assume that there exists f: [0,27) — [0, 1] such that for any 0 < a < b < 27 one

has p([a,b]) = f(b— a).
(a) f is non-decreasing, right-continuous, and f(0) = 0. Furthermore, for any
a,b € [0,27),a 4+ b < 27, we have

fla+b) = f(a)+ f(b).

Proof. f is non-decreasing since for any 0 < a < b < 27 we have

fla) = p([0, a]) < p((0, a]) + p((a, b)) = u([0,6]) = f(b).

Next, let (z,)nen € TN be a decreasing sequence such that x, | = € T as
n 1 co. Define B, = [0,z,] € B(T) for all n € N. Clearly, (By,)nen is then
decreasing with

B:= () B, =0,1].
neN

Indeed, clearly [0,x] C B as « < z, for all z € N. On the other hand, if
T 5 y > x there must be ng € N such that y > x, for all n > ng, hence
y & B. So, by Exercise [2.9]

lim f(2n) = lim u(Bn) = p(B) = f(2).

ntoo

Thus, f is right-continuous. Next, for the sake of contradiction, assume
that f(0) > 0. That means that

p({x}) = f(0) >0

for all x € T. However, that would imply that the set M = {n/n: n € N}
has infinite measure, since, as u is o-additive, we have

u(M) = niu ({z1) - nif(@) — co.

This contradicts the fact that p is a finite measure. Hence f(0) = 0.
Lastly, for a,b € [0,27),a + b < 27, we get

fla+b) = pu([0,a+0])
= N([Oﬂ a) U[av a+ b])
=4

([0,a)) + p([a, a +b])
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(1[0, a]) — p({a})) + f(b)
(a) + f(b)

since p is additive and p({a}) = 0. O
1 is the normalized Lebesgue measure.
Proof. By Theorem it suffices to show that for any 0 < a < b < 27

b—a

plla,b) = 22

Consider integer sequences (ag)reny and (bg)ren such that ag/2% 1 a/(27)
and by/2% | b/(27) as k 1 oo. These sequences can be constructed by
considering the binary expansions of a/27 and 1 — b/(27). In particular,

2mag 27rbk)
N |5 5 ) = o),
055

where [ar,/2%, by, /2%) is descreasing in k. Now, note that for all n € N

= [27rm 21 (m + 1)))

n n

_ ”iu ([27rm7 27r(m+1)>>

n n

Thus, we get by Exercise [2.9]

L 2may, 2mby
p([a, b)) = klgl;oﬂ ([2167 2k>>
b—1

i Zk“ <[27rm’ 2 (m + 1)))

n n
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2. Let T ~ [0, 27) be the torus and let « € [0,27) be 2w-irrational. Set T: T — T to
be Tx: x + a for x € T. Let B = B(T) be the corresponding Borel o-algebra and
let p be a T-invariant probability measure on (T, B), i.e. for any B € B one has

u(T~H(B)) = u(B).

(a)

()

T is a bijection and T~'z = — a for any = € T.

Proof. Consider x,y € T with T = Ty. That means that z + a =y + «
(mod 27). So,
+ao)—(z+ta)=y—=x

is an integer multiple of 2. But since 0 < x,y < 27, this implies x = y.
So, T is injective.

On the other hand, for y € T there exists suitable £k € N such that x =
y —a+ 271k € [0,27). In particular, Tz =y (mod 27). So, T is surjective.
Lastly, as we are in T always doing arithmetic in Modulo 27, it follows from
the above that 771z = 2 — a. O

For any = € T one has that T"x # T™x for any n,m € Z. Furthermore,
p({z}) =0.

Proof. Suppose there exist distinct m,n € Z and x € T such that that were
the case. Then,

r+am=T"z=T"x =z +an (mod 27),

so a(m —n) € 2nZ. But since m # n, that means that o € 27Q. %
As T is bijective, the fact that p is T-invariant implies that

u(T*(B)) = p(B)

for all z € Z and B € B. Consider the orbit B = {T?z: z € Z}. As
a collection of countably many points, B must be measurable. Note that
due to the first part of the claim, B can be written as the disjoint, countable
union of the singleton sets containing 7%z, z € Z. So, using the monotonicity
of p and the fact that T%x, we get

1= () = u(B) = 3 u({T*2}) = 3 u({a)).
2€Z 2€EZL

This chain of inequalities can only hold if pu({z}) = 0. O

Fix 0 <a<b<2nm. Let I =][a,b]. Set ¢:=0b—a and Iy := [0,c|]. Then for
any € > 0 there exists n > 0 such that T-"(I) A Iy C (—&,¢)U(c—¢, c—l—s)@

26Technically, it was written with closed brackets, but it’s correct as stated.
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Proof. Let € > 0 be arbitrary. First, as —a is also 27-irrational, we have by
(a) and Corollary that there exists n € N such that T "a € (—¢,¢).
For that n, we explicitly get
T"I)={T"x:axel}={T"(a+vy):y e I}
=T "a+ I C (—e,e+0).
Thus, we get that
() Alo = (T7"(I) \ To) U (1o \ T™"(1))
€ ((—&,0)U(c,c+¢))U([0,6) U(c—e,d])
:(_€7€)U(6_570+€)' [

For any € > 0 one has that

(1) = p(lo)| < p(Ae),
where A; = [—¢,e] U [c —€,c+¢€]. In particular, u(I) = pu(lo).
Proof. Let € > 0 be arbitrary. Choose n > 0 as in (c). Consider the function
f(z) = Lpn(p(x) = 1p, (7). Clearly, this function is measurable and, as 1 is
a probability measure, integrable. Further, it is clear that f(z) # 0 if and
only if x € T7"(x) Aly. So, |f| < 14, by (c). So, as p is T-invariant, we
get

|u(I) = p(Do)| = |(T~"(I) — p(Ip)

= p(A:).

This shows the first part of the claim. Now, (Aj/)r>1 is a decreasing
sequence with Myen A1k = {0, c}. So, by Exercise and (b), we get that

Jim 1 (A1) = u({0}) + u({e}) =0.
This shows that p(I) = u(Ip). O

1 is the normalized Lebesgue measure.

Proof. Let f:[0,27) — [0,1],z — p([0,z]). By (d), this function satisfies
the property that for any 0 < a < b < 27 one has u([a,b]) = p([0,b —a]) =
f(b—a). So, by [Exercise 1 (b)| it follows that p must be the normalized

Lebesgue measure. O
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Exercise Sheet 3
1. Let (X, B) be a measurable space, T: X — X be measurable.
(a) For any A, B € B we have T~1(A)NT~YB) =T"1(ANB).

Proof. Via elementary equivalences, we get

zeTHA)NTNB) = (zeT Y (A)AzeT(B))
< (Txe ANTx € B)
< (Txe€ ANB)
< 2T HANB).

So, we’re done. O

(b) Let u be a T-invariant probability measure on (X, ). Assume that there
exists A € B such that T71(A) = A and u(A) > 0. Then the measure v
defined by v(B) := u(AN B)/u(A) is a T-invariant probability measure.

Proof. Clearly, v is well-defined since p(A) > 0 and is a measure since it
only differs from p by a constant factor. It is a probability measure since
v(X) = uw(A)/n(A) = 1. To show that v is T-invariant, let B € B be
arbitrary. We get

gy MANT(B))
W (B) =

_ wIHA)NTH(B))

=0 (T-invariance of 1)

This completes the proof. ]

2. Let (X, B, 1) be a probability space and 7': X — X be measurable, u-preserving,
and not ergodic. Then there exists another probability measure v on (X, ) such
that u # v and T is v-preserving.

Proof. Since T is not ergodic, there exists A € B such that T7!(A) = A but

1(A) € (0,1). Define v as in It suffices to show that p # v. This is
clear however, as u(X \ A) =1 — u(A) € (0,1) but (X \ 4) = 0. O
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3. T ~ [0, 27) be the torus and let o € [0,27). Set T: T — T to be Tz = z+a,z € T.
Let B = B(T) be the corresponding Borel o-algebra and let p be the normalized
Lebesgue measure on T.

(a)

If o is 27-irrational, then 7' is ergodic.

Proof. Assume otherwise. If T is not ergodic, then would give
us that there are at least two different probability measures on (T, B). But
by [Exercise 2 from Exercise Sheet 2| we know that the only T-invariant
probability measure on (T, B) is u, a contradiction. O

If « is 27-rational, then T is not ergodic.

Proof. W.lo.g. a # 0 as otherwise T = idy. Let

« m

21 n

for some coprime m,n € N. We then get
T"x=xz—an=xz—2rm=2x (mod 27).

Let 0 < € < 27/n be arbitrary and let I = [0, ] and

n—1

A=) TMI).

k=0
Note that the T7%(I) are pairwise disjoint by our choice of e. Thus we get

T1A) = |- 1 (17 o) (1)

3
|

T
- o

= () 7D

x>
I
=

I

=
~
-
=

I
cCiT
LL
b
B
—~~
~
SN—
—~~
3
3
—
~
~
I
~
~

o

e

Furthermore, we have u(A) = nu(I) = ne/(2w) € (0,1) by our choice of e.
So, T is by definition not ergodic. O

If o # 0 is 2w-rational, i.e. a/2w = m/n for some coprime m,n € N, then
A € B is T-invariant if and only if A is preserved under the rotation 27 /n.
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Proof. Let 0 < k <l < n be arbitrary. As m and n are coprime and in
particular 0 <[ —k < n, we have that n doesn’t divide m(l — k). It follows
that (I — k)a Z 0 (mod 27). Thus, we have for any x € T that

T*r=x—ka#z—la=T"'2 (mod2r).

We also have for any z € T and 0 < k < n that T~%z = v — ka = x — 2nl/n
for some [ € Ny where, because we are calculating Modulo 27, we may
assume that [ € {0,...,n — 1}. Together, these two facts imply that the
(periodic) orbit of x is

2 2 -1
{x,T_lx,...,T_("_l):U} = {x,x—ﬂ,...,x—ﬂ(n)}.
n n

Now, let A € B be T-invariant. By definition, this means that for any
x € A, T~ 'z is also in A. Inductively and due to T~"x = z, we see that A
is T-invariant, if and only if for any x € A, we have

{T_lxw"aT_(n_l)x} = {x—%m..,ﬂf— 271.(71_1)} c A.

n n

So, A € B is T-invariant if and only if A is preserved under a 27 /n rotation.
O
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Exercise Sheet 4

1. Let (Y, F,v) be a probability space and let X = Y%. For each k > 1 we endow
Y* with the o-algebra F®F generated by all sets of the form A; x ... x A C

Yk AL

ni,...,np € Z, and A € F®¥ such that

LA € F. A set C C X is called a cylinder if there exist k > 1,

C={2=(n)nez € X: (wn)ly € A} (1)

Let C be the set of all cylinders in X.

(a)

C is an algebra.

Proof. Clearly, () € C since one can look at the cylinder with k = 1,n7 =0
and Ayp = (. Similarly, X € C by choosing k = 1,n; = 0 and Ag = Y.
Next, we show that C is closed under taking complements. For that, let C
be described by k € N, n,...,n, € Z, A € FO. As F®* is a o-algebra, we
get that Y*\ A € F®* and as the complement is just given by

X\ C = {o = (yu)nez € X: (ya)iy € Y¥\ 4},

this shows X \ C' € C. Lastly, consider Cq,Cy € C formed by ki, ko €

N,n%,...,n,lﬁ,?ﬁ,...,ni2 € Z,A; € FO1 Ay € F®2 respectively. By
appropriately extending A, As by XY in the corresponding components,
we may assume that k; = 2m + 1,nt = —m, .. ,n}cl =m for all 7 € {1,2},

where m may be chosen as

m:max{né- :i€{1,2},1§j§kji}.

But then C;UCY is a cylinder formed by 2m+1 € Nyny = —m, ..., noms1 =
m, and A = A; U Ay € F&2m+1, O

Now, let B = ¢(C). For each cylinder C' € C of the form (1) with A
Ay X ... x A CYF we set

Then p can be extended to a probability measure on (X, B). Let T: X — X
be the right shift, i.e. for any = (yn)nez and n € Z one has that (T'z),, =
Yn—1, SO Tr = (yn—l)nEZ-

T is B-measurable, invertible, and p-preserving.

Proof. Clearly, T is invertible with (T(z)), = yn+1 for any = = (yp)nez:

((T‘1 o T) (:L"))n = (T_l ((ymfl)mEZDn = Y(n—1)+15
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((T o T’1> (a:)>n = (T ((Ym+1)mez)),, = Yn+1)—1

As B is generated by C, it is sufficient to prove measurability and the u-
preserving property of the sets from C. In particular, by the definition of
a cylinder, it is clear that B is already generated by cylinders of the form
(1) with A = A; x -+ x Ag. Thus, it suffices to show the two claims
for those particular cylinders. So, let C' € C be a cylinder as in (1) with
A=Ay x---x A. We can see that T~!(C) € B is the cylinder given by
the same k as C, the same A;,..., Ay and n, =n; —1foralli e {1,...,k}.
In particular, we get that pu(7~ 1( )) = u(C) and are done.

T is ergodic.

Proof. Let A C X in B such that T7!1(A) = A. We need to show that
u(A) € {0,1}. We fix € > 0. Recall the following lemma:

Lemma A.2. Let (X, B, pu) be a probability space and let A C B be an
algebra such that B = o(A). Then for any B € B and any € > 0 there
exists A € A such that u(AAB) < e.

Since C is an algebra that generates B, we can find some C@ in C such that
u(AAC) < e and therefore also |u(A) — u(C)| < e. Our next goal will
be to show that |u(A) — u(C)?| < 2e, which for e | 0 would imply that
u(A) = u(A)?, giving us pu(A) € {0,1}.

For that, we want to start of by showing that u(7"(C) N C) = u(C)? for
some n large enough. For that we note that for

C={z = (ym)mez € X: (ym,)f=; € A}
we can choose n > maxj<;<j |m;| to get
{mi: 1<i<k}n{m;—n:1<i<k}=0.
Thus, T7"(C) N C' is a cylinder of measure

w(T(C)NC) = p({x = Ym)mez: Ym,)iz1 € AN Ym,—n)iz1 € A})
= pu(C).

Next we can use the fact that
(T™T™(C)NCYA(TT™(A)NA) C(TT™C)A(T™(A)U(CAA)
to deduce

((T(C) N C) A (T"(A) N A)) < p(T™(C) A (T (A)) + u(C A A)
< 2e

?"Described by k € N,mq,...,m, € Z, A € F®Fk,
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since T' is p-preserving. Thus, we also get by using the above statement
and the T invariance of A that

1(C)? = ()] = (T (C) N C) = (T (A) N A))

< 2e.

As outlined, to conclude that u(A) € {0,1}, we consider the case when
e} 0. More formally, let ¢, = 1/1 for all [ € N and let C; € C be the cylinder
with

p(AAC) <e.

Consider then z = limsup,_, ., #(C}). By construction, x € [0, 1] and

2% = p(A) =z
In particular, x must satisfy 22—z = z-(z—1) = 0. Thus, u(4) € {0,1}. O
T is strong mixzing, i.e. for any A, B € B one has that

lim p(T"(A)N B) = p(A)u(B).

n—oo

Proof. Let C,C" € C be such that for some £ > 0 fixed u(AAC) < € and
u(BAC") < e. Then, as before, we get

U((T™"(A) N B) A (T7"(C) N C") < u(T™(A) AT™"(C)) + u(BAC')
< 2e.

However, as C,C’ are in C, we can use the above argument to find a large
enough ng € N such that pu(T"(C)NC") = p(C)u(C’). Combining all that
we have for all € > 0 and n > ng with the triangle inequality

[W(T7"(A) N B) — p(A)u(B)|
< T (A)NB) = w(T(C) N C)| + [u(C)u(C”) = p(A)u(B)]
<26+ |u(C)(u(C) = p(A)) + p(A) (u(C") = u(B))]
< 2e + [u(C)(1(C) = p(A)D] + (A (u(C") — u(B))]
< 4e.
So, limy, 0o (T7™(A) N B) = u(A)u(B). O

2. Consider the Baker’s Transformation S: [0,1)? — [0,1)? defined by

_ @5, v €0, 3),y €[0,1),
S(x,y)._{ 2 xe[%2 o)
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(a) Let [0,1)? be endowed with the Borel o-algebra and the Lebesgue measure.

Then S is isomorphic to a right shift. In particular, .S is ergodic and strong-
mixing.

Proof. Consider (X, B, ;1) as in [Exercise 1] with
Y = (0,1}, F = o({0}, (1), w({0}) = v({1}) = 5.

Let Z C [0,1)2 be the set of all numbers where both components have unique
binary decompositions. As there are only countably many with non-unique
binary decomposition, it follows that Z is of full measure. Now, as each
component is nonnegative and smaller than 1, the binary decomposition of
(z,y) € Z is given by

r=Y a,-27", (a1,...€Y)
neN

y=> by-27" (by,...€Y)
neN

For the sake of clarity, we alternatively express x and y in their binary
representations 0.aqjas...,0.b1bs ... respectively. Thus, we may consider
the mapping V: Z — X defined by

A_p, n<O0
bn+1, n Z 0,

V(.Z', y)n = {

where we take X to be the image of V.

n ... ]-2[-1]o]1]2]..
n—thterm‘...‘ag‘al ‘bl‘bQ‘bg‘...

Table 1: Schematic representation of V' (z,y)

Note that by construction, X is the set of all sequences whose terms for
both n — oo and n — —oo don’t become constant. Hence, X is also of full
measure. In fact, V is a bijectio by the construction of Z that lets one
interchange between the measure spaces, i.e. for measurable A C Z and
measurable B C X we have

We will sketch the proof of this fact now. A formal treatment of a similar
statement is given in Exercise Consider a cylinder C' as in (1) where
A= Ay X --- x Ai. In particular, let all A; be singleton sets. To what

ZWith V! defined in the obvious way.
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set in Z does C' correspond to? Well, A basically specifies in the binary
decomposition certain digits that then either have to be 0 or 1. As such,
one can deduce that C corresponds to a countable union of cubes. Each such
specification due to the n;’s halves the area of the corresponding union of
cubes and thus for those sets the measures are equivalent. Those cylinders
in the form of C' already generate the whole o-algebra as Y is discrete. So,
we are done in one direction. In the other direction, one can show that using
countably many unions and intersections of those cylinders like C'; one can
describe any half-cube in Z. This then completes the claim.

Now, by simply plugging all the definitions, we see that for z = (Ym)mez €
X we get forn € Z

(vsv=)e),

= ((VS) (0.y—1y—2y—3...,0.%001%2-..)),
= (V(y-1.y—2y—-3... —y-1,0.0%01192 ... + 0.y_1)),,
(V(0.y—2y—3...,0.y—1yoy1y2--.)),

- ( (Z Yom-1-27" > y(m1>1‘2m))
meN meN n

Thus, V.SV ~! is the right shift on (X, B, ).

Even though this shows that S is isomorphic to a right shift and thus inherits
all the above shown properties, we show each of the properties explicitly for
completeness: We have for measurable A C Z with S~'(A) = A that V(A)
satisfies (V.SV 1) =1V (A)) = V(4), so

N (A) = p(V(4)) € {0,1}

as VSV~ is ergodic by the first exercise. In a similar vein, using the fact
that V.SV ~! is strong mixing, for measurable A, B C Z we have that

\(S(4) N B) = u(V(S™(A) N B))
— <(v5v—1)_” (V(4)) N V(B))

" u(V(A)u(V(B))
= A2(A)N(B).

Thus, S is ergodic and strong mixing. O
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Exercise Sheet 5

1. This problem will deal with one particular equivalence in Theorem [8:3]

(a)

For any bounded sequence (ay)n>0 € RN the following are equivalent:

lim —Z\anl—o = hm —Z lan|* =

N—oco N

Proof. Let us first assume that the limit on the right hand side holds. Then
the Cauchy-Schwarz inequality implies

N-1 1 N—-1 1 % N-1 ) %
Sl =X il = (X ) (S )
n=0

n= O n=0
ERN
- (N 3 |an|2> —0,N — cc.
n=0

Note that we didn’t use the fact that (ay)n>0 is bounded.

For the other direction, choose M > 0 such that |a,| < M for all n € N. In
particular, we have that |a,| /M <1 for all n € N; so

Daa2 1 32
Z N2|an\—>0,N—>oo.
n=0

Hence, as 1/M is just a constant the desired follows. O

Let (X, B, 1) be a probability space. For any measure-preserving transform
T: X — X and any f,g € L?(X), the following are equivalent:

ngnooﬁ /UTf gdu= [ faufgau =0
N—-1 2
= ngnOONT;)/UTf gdu—/deM/Qdu =0.

Proof. Set an = [yURf-g dp— [xf dpfyg dp for all n € N. As
f,g € L*(X), we get using the triangle inequality and Cauchy-Schwarz

inequality
Ian\SV Urf-g du‘+’/ fdu/ gdﬂ‘
X X X

< fllg2 gl g2 + 111 2x gl oo
< 00

since T' is p-preserving. So the sequence (ay)n>o is bounded and we are
done by (a). O
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2. Let (X, B, ) be a probability space, T: X — X be p-preserving, and let (e)g>1
be an orthonormal basis of L?(X) (possibly, C-valued). Then T is strongly mixing
if and only if for any k,m > 1

1im/U%ekém du:/ ek d,u/ ém dpu,

where e, is the complex conjugate of e,,.

Proof. Recall the following lemma which can be derived from Theorem

Lemma A.3. Let (X,B,u) be a probability space, and let T: X — X be pu-
preserving. Then T is strongly mixing if and only if for any f, g € L?(X) (possibly,
C-valued) one has that

tm [ Upfgdp= [ fdu [ gdn
n—oo Jx X X

where g is the complex conjugate of g.

Using the equivalence, it is clear that if T' is strongly mixing, we do get

nh—{%o/XU%ekém du:/Xek du/Xém dp

for all k,m > 1. For the other direction, we will do an approximation argument:

Recall that every function f € L?(X) can be uniquely represented as > j>1 fie5 for
some [%-sequence (f;);>1. So, fix any f,g € L*(X),e > 0 and let f = i1 fie;
and g = > ;> gie; be their respective representations. For k € N, let % be the

partial sum formed by the first k terms in the representation of f, and define g™
similarly for m € N. Since (f;);>1 is an I2-sequence, we have

-

1
2
LQ:(Z ff) — 0,k — oo

j>k+1

and the same holds for ¢ and ¢(™. Fix k,m € N such that

7= s <= o9, <=
For all n > 0 we have that
‘/ U%f-gdu—/ fdu/gdu‘
X X X
<|[ vrogan- [ vprg™ an (+)
X X
| [ Urr-g™ dn— [ Upr® gt ay (1)
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+| [ ups® g ap— [ 5 ap [ g ag) ar
X X X

+ / £ du/ g™ du—/ f du/ g™ du’ (k)
X X X X

-l—/fd,u/ g™ d,u—/fdu/gd,u‘. (% * % * )
X X X X

We will use the Cauchy-Schwarz inequality multiple times:
o (%) is bounded from above by

IUZ Sl 2

as U7 fll 2 = £l 2
o (x) is bounded from above by

(o (£ =) . 9,2 <= (lglze + 3™ - 9] ) <ellgle+2).
o (x*x) goes to zero as n goes to infinity since by bilinearity, we get

/XU%f(k)'_ dp= Znggz/ Urej-e dpu

j=11=1

= [IUFfll 2 ellfllze

a—g"| , g—g™| , <

L2_

o (% ***) is bounded from above by

g .= 1a|. <e(lglze+e)-
o (% **x«) is bounded from above by
1£11z2 |9 = 3 .. = 1Fllz= |} = 9 ., < € lFl2

As € > 0 was arbitrary,

/U}‘f—gd,u—/fdu/gd,u‘—)O,n—M)o.
X X X

Hence, T is strongly mixing. O

3. Let X :=1[0,1)2. Arnold’s cat map T: X — X is defined by

| {at + 2% xl! 9
Tz = <{x + 2{,62} §C2 € R y
where { -} is the fractional part of a real number. The goal of this exercise is to

show that T is strongly mixing. Recall that 7" is measure-preserving [Exercise Sheet
for the Lebesgue measure which we will denote by pu.
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(a) We have for all n € N that

1 2 1
Ty {az,—ox 1+a2n71323 } o= (%) er2,
{a2n—1a? + a2, } T
where (ap)p>0 is the Fibonacci sequence which is defined recursively as

ag=a1 =1and a, = an_1 + an_o for n > 2.

Proof. First, note that we can rewrite T' as

e ()L

To simplify the problem, note the following: If & = x + h for some h € Z2,
then T'Z = Tz since multiplying A by that matrix gives again a vector in
Z2. So, we inductively have

oy (11 "
= L o] ® .
mod 1

for all n € N. For the rest of the proof, we will proceed by induction on

n € N to show that
n
L 1) _ (a2n—2 a2n
12 agn—1 a2n |
Then the claim follows directly by the above.

Now, the induction base is clear since as = 2. For the induction step
n ~» n + 1, using the induction hypothesis, we see that

n+1
11 _[azp—2 agp—1) (1 1
1 2 o ao2n—1 a9, 1 2

a2n—2 + G2n—1  A2p—2 + 2a2,-1
a2n—1 + az2p a2n—1 + 202y,

azn—1 + (a2n—2 + agn—1)
a2n+l agp + (a2n—1 + a2n)

A2n+1

a2n+1 A2n+2
2(n4+1)—2  A2(n+1)—1
2(n+1)—1  A2(n+1)

This completes the proof. O
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(b) For each k,l € Z let e} ;: X — C be defined by

, 1
eri(w) = T EHD g = () “
Then we have for every n € N and every p,q € Z

n _ 1, kagn—2 +lagp—1 —p=kagp—1 +lagy, —q=0
Uregg-epq dpu = )
0, otherwise.

In particular, [y Uper;-€pq dp does not converge to zero if and only if
there exists an increasing sequence (n;);>1 € NY such that

kagn;—2 + lagn;—1 — p = kagn;—1 +lagn;, —q =10 (2)

for any j > 1.
Proof. Fix k,l,p,q € Z and n € N. Recall that for m € Z, m # 0, we have

1 . 1 . 1
/ eQTrlm~z dz = |: : e27r1m~z:| —=0.
0 2mim 0

Also note that the integrand is 1 and thus the integral 1 if m = 0. So, using
Fubini’s theorem and (a), we get

/ U%elml “€pq dp

— / / 27'('1 k{a2n 2T +a2n 1:1:2}+l{a2n 1T +a2nx }) e—27‘ri(pm1+qx2) dl‘l dx2

27r1 agn,zw1+a2n,1w2)+l(a2n,1ml+a2n:r2)) e—27ri(pa:1+qx2) dl’l de

27rlx (kazn—2+lasn—1 p)+27r1:t: (kagn—1+lazn—q) d.’El de

\\

|
%\\

1
27r1:p (kagn—2+lazn—1—p) d:c / eQﬂiIQ(kagn,lJrlagnfq) de
0

1, kazn—2 +lagy—1 —p = kazp—1 +las, —q=10

Il
—N

0, otherwise.

The second equality holds since e2™1(@+h) = 2712 for any 2z e R,h € Z. O

If [ Ufper,;-épq dp does not converge to zero as n — oo, then using (2)
and the fact that

lim 27t —
n—oo @, 1 + f

we can conclude that k =1 = p = ¢ = 0. In particular, 7" is strongly mixing.

A hm an = +00,
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Proof. Just for fun, let’s first show the facts: The latter is trivial as the
Fibonacci sequence is from the second term onwards strictly increasing by
at least one. For the former, one can check that the sequence of ratios
(an/an—1)nen is converging to some positive number ¢ satisfying

1 1
n—oo Ap—1 n—oo m )

In particular, > = ¢ + 1, so

{1+\/5 1—\/5}
g€ :

2 2

and thus ¢ = (1 ++/5)/2 as ¢ has to be non-negative.

Now, if [y Ufer;-€pq dp does not converge to zero as n — oo for some
k,l,p,q € Z, then there must exist an increasing sequence (n;);>1 satisfying
(2). So, in particular, we have

a2nj —1 a2TL]‘ —1 a2nj a2nj

k

for any j > 1. For j — oo, the first identity of (3) gives

k .
"1l = lim (/«“2] 2+z>:o — k= —ql

@ Jj—oo a2n;—1

But ¢ is irrational, so the equality can only hold for ¥ = [ = 0. This
immediately gives us that p = ¢ =0 from (3). Thus, k =l=p=¢q =
This actually shows that for all k,1,p,q € Z

nli_{lgo/XU?ek,zép,q d,u:/Xek,z dM/Xép,q dp,

since, by a similar calculation as before, we have

1 1
/ e dMZ/ o2mika! dxl/ Q2mila® g 2
X 0 0
)L, k=1=0
- {0, otherwise
and the same for ey for all k,1 € Z. Thus, as (ex)k,cz is an orthonormal
basis of L?(X), it follows that T is strongly mixing by O
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4. Let (X,B,u) be a probability space, and let T: X — X be p-preserving. Let
TxT: XxX — X x X bedefined by (T x T)(x,y) = (Tx,Ty) for z,y € X. Let
BB :=o0({Ax B: A, B € B}) be the product c-algebra on X x X and let p1® p,
defined by (1 ® p)(A x B) = u(A)u(B) for A, B € B, be the product measure on
(X x X,B®B). Then T is strongly mixing if and only if 7' x T' is strongly mixing
on (X xX,BeB,u® pu).

Proof. For the one direction, let T' x T be strongly mixing. Fix A, B € B. Then
Ax X,Bx X € B®B. Thus, on one hand, we get

(1® 1) (T x T)™"(A x X) 1 (B x X)) = (u® p)

for all n € N due to T7"(X) = X. On the other hand, we have

Jim (@ p) (TxT)"(Ax X)N(Bx X)) = (pep)(AxX)(n®p)(BxX)

= p(A)u(B)p(X)?
— w(A)u(B).

Thus, lim, oo p (T7"(A) N B) = pu(A)u(B) and T is strongly mixing.

For the other direction, let T be strongly mixing. We will use Let
(ex)k>1 be an orthonormal basis of L?(X). Then, (er1)ki>1, defined by ey =
ex(7)ey(y) for z,y € X, form an orthonormal basis of L?(X x X). Using Fubini’s
theorem and T being strongly mixing, we get

lim Urxrekl  épq d (1@ p)
=0 JXxX
= lim ex(T"z)ei(T"y) - ep(w)eq(y) d (k@ p)(z,y)

n—0 [xwXx

= lim_ (/X ex(T"z) - &y(x) du(x)/Xez(Tny)'éq(y) du(y))

= lim (/ Urex - €p d,u/ Ure; - eq d,u)
n—oo X X

- (v o) o o)

:/ ekl d(u®u)/ epg d(n® p)
XxX XxX

for all k,1,p,q € N. Thus, by T x T is strongly mixing. O
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B Further Topics and Concluding Remarks

In this chapter, I (Michael) want to tidy some loose ends and mention some related
topics that were not discussed in class but are of interest to me.

B.1 Furstenberg’s Proof of Szemerédi’s Theorem

In the intersection of number theory and combinatorics, one of the most fascinating
theorems that has led to advances in both fields is Szemerédi’s theorem:

Theorem B.1 (Szemerédi 1975). For k > 2, N € N, let r,(N) be the size of the largest
subset of {1,2,..., N} without an arithmetic progression of length k. Then

N
lim rk(V)

N—ooco N =0

I have seen a proof of the special case kK = 3 using graph theory. Another quite different
way was established by Furstenberg who showed this theorem using ergodic theory. A
good expository paper on this is given by Yufei Zhao.

B.2 Any two-dimensional hyperbolic toral Automorphism is mixing

In [Exercise Sheet 5 we have shown that Arnold’s cat map is strongly mixing via a
variant of Theorem However, it was not immediately clear from the proof how one
should proceed for general A € SLQ(Z)@ namely when those induce a strong mixing
transformation. In the notation in [Exercise Sheet 1] Ivan conjectured the following:

Conjecture B.2 (Ivan’s conjecture). A induces a strong mixing transformation if and
only if b # 0, ¢ # 0 and at most one of a, d is zero.

The reasoning behind this claim is simple: If at least one of b and c is zero, then we just
are (Modulo reflections) shearing in the z- or y-direction, so those should not induce
(strongly) mixing transformations. Similarly, not both a and d can be zero since this
would give us another reflection.

It turns out, however, that those are not the only cases where A doesn’t induce a mixing
transformation. I thought that maybe using some explicit formula for the n-th powers
of 2 x 2 matrices, one can prove the general case with the same approach as in
And indeed, there are different formulas for that:

e (A Combinatorial Formula for Powers of 2 X 2 Matrices by Konvalina establishes a
combinatorial formula for the entries of A™ only using the entries of A.

e The paper Combinatorial Identities deriving from the n-th Power of a 2 X 2 Matrix
by McLaughlin establishes a formula using the determinant and trace of the matrix.

290ne may also write GLz2(Z), it doesn’t matter here.
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e The paper |The n-th Power of a 2 x 2 Matrix by Williams establishes a formula
using the eigenvalues of the matrix.

As Konvalina’s formula is a bit unwieldy and Williams’s formula not directly applicable
to our problem, I tried to show Ivan’s conjecture using McLaughlin’s formula. As the
determinant is already given to be 1, I made a case distinction on the trace. To proceed
as in the proof for Arnold’s cat map, I plotted in [Maple| whether for suitable conditions
the limit of ratios of entries seemed to converge to a non-zero, irrational number and
that overall the entries would (in value) blow up to infinity. At first, it was in good
agreement with what Ivan conjectured. However, when considering the trace having
value two, I realized that there are some matrices like

)

that also seem to not induce strongly mixing transformations. In particular, using
McLaughlin’s formula, one can establish this fact by showing that for some k,[l,p,q € Z

/ U%Lek,l “€pq dp
X

doesn’t converge to zero, where
2 2 27 i(kzl+1z2?) a! 2
X =100,1)"p= X ep(x) =T g = 22 e R~

So, I conjectured that the entries of A didn’t matter directly, but instead the trace.
Namely, I conjectured that A induces a mixing transformation if and only if tr(A) > 3.
As it turns out, this is true and is actually known in the literature (e.g. Introduction to
Dynamical Systems| by Brin and Stuck): When looking at the n-dimensional analogue
of the problem with A not having an eigenvalue of absolute value 1, the corresponding
transformation is called a hyperbolic toral automorphism and is known to always be
strongly mixingﬂ Anyhow, let us show this fact for two dimensions using William’s
formula.

Theorem B.3. Let A € SI.y(Z) and let T4: X — X be the corresponding u-preserving
transformation as defined in Example 3.3:2] Then T4 is strongly mixing if and only if
[tr(A)| > 3. In particular, if |tr(A)| < 2, then T4 is also not ergodic.

Proof. Let us first show the last statement first. For a 2 x 2 matrix A, it is known that
the characteristic polynomial is given by

xA(A) = A2 —tr (A) A + det(A).
So, for A € SLa(Z), the eigenvalues are

tr(A) £ /tr(4)?2 — 4
2

39This is also stated on [Wikipedial but of course I missed this. . .
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Hence, the eigenvalues are i, +(1/2+11/3/2) for |tr (4)| = 0, |tr (A)| = 1 respectively.

So, if [tr (A)| < 1, then there exists m € {4,6} such that the m-th power of its eigenvalues

are 1. In particular, as there are two distinct eigenvalues for |tr (A)] < 1, A is in that

case diagonalizable, so we have that A™ is the identity matrix. Now, as in
eet 9| one can establish that for all n € N

n [ {anzt + bpa?} (! )
TA_({cnx1+dnx2} T g2 € R,

n . [Qan bn,
eo(s )

In particular, it follows by Fubini’s theorem that for k,1,p,q € Z

n _ 1, kap+lc,—p=Fkb,+1ld,—q=0
/XUTAek,l'enq d,u:{

0, otherwise.

where

Now, if we choose k =1 =p =¢q =1, then

1}@@* / Ur, ek €pg dpp > I%gff Z Lonjn
N
> —
W N
_1
o m

On the other hand, recall that for general k,l € Z we have

/ d 1, k=1=0
e =
X Bl CH 0, otherwise,

meaning that for our choice k =1l=p=qg=1

lim — /UTAekl €p.q dM?é/ €kldM/ epq d

Thus, by Theorem [8.3] T4 is not ergodic if |tr (A)] < 1.

For tr(A) = +2, our argument doesn’t necessarily work since it is not generally true that
such A are diagonalizable. Hence, we will show that for a certain choice of k,l,p,q € Z,
where at least one is non-zero, we have that

/U2g+ kil €pq dp=1

for all g € N, giving us

1 N-1
hmlnf— / Ul ek epq dpp > hmlnf— Z Loj(g-1)

N—oo
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1| N
> liminf — | —
> limin N{2J

N—o00
1
2
This, again, would imply that T4 is not ergodic.
Now, in the case where tr(A) = £2, the discriminant is zero, so there is only one

eigenvalue, 1 or —1. Using William’s formula, we thus see that
A2 — (29 4+1) - AF29- Lh=029+1)- (A— L)+ I,
for tr(A) = £2, g € N. This means that [y U%i“ek,l - €p,q dp is one if and only if

p=k-((29+1)-(a—1)x1)+1-29+1)c=29+1) - (k(a—1)+1lc) £k
Ng=Fk 29+ 1Db+1-((29+1)(d—1)£1) = (29+1)- (kb+1(d—1))£L.

So, both (k,l) = (—c,a—1) and (k,l) = (d—1, —b) would together with (p, q) = (£k, +I)
lead to the integral being one for all ¢ € N. Since we can exclude the trivial case where
A = I, at least one of those choices would lead to at least one of k, [, p, ¢ being non-zero.
This shows that A € SLa(Z) with tr (A) = £2 induce non-ergodic transformations.

Consider now the case where |tr (A)| > 3. We first make some observations: Since
tr(A)? —4=(tr(A) —1)2+2tr (A) —1—4> (tr (A) —1)> +1,

tr (A) cannot be a perfect square. Thus, the eigenvalues of A are irrational. Let the
eigenvalues of A be a, 5 € R where |a| < |5]. Note that there absolute values must differ
since the discriminant is positive. Furthermore, let

A — Bl ~ A—alp
: A= ———.
a—f 0 — «
Now, as described in [Exercise Sheet 5| it suffices to show that if [y Ufey; - €pq dp does
not converge to zero asn — oo, then k=l=p=¢=0: If [y UT ekl €pq dp does not

A=

converge to zero, then it means that there is a strictly increasing sequence (n;);>1 € NN
such that

k(@ Ay + B AL) 1 (@ Ay + B Agy) = p
ANk (@A g+ B A 9) +1- (" Agy+ % Agg) = q.
It is clear that |5"| — oo for n — oco. Furthermore, a™/f" — 0 for n — oco. This can

be shown elementary, which we will showcase for when tr(A) is positive: If the trace is
positive, then

77



B FURTHER ToprPics AND CONCLUDING REMARKS

By squaring both sides, it is easy to verify that 3 < tr(4) < 2 + /tr(A)2 —4, so
0 < a < 1. Meanwhile, 8 > tr (A) /2 > 1. Thus, /8 € (0,1) and lim,, o (a/8)" = 0 as
desired. So, if we divide by ", we get for j — oo

a—« C— ~ ~
k- - —k A 41 Agy =0
,B—a+ 3« 1,1 + 2,1
b— d— " N
Ak - a+l.7a:k.A12+l.A22:0.
B_Q B_a ) )

Multiplying by (8 — «) gives
(ak +cl) — a(k+1) =0A (bk+dl) — a(k+1) = 0.

Since « is irrational, this can only be true if k4+1=0. If k =1 = 0, we are done since
that would also imply p = ¢ = 0. Otherwise, we have k = —[ and thus a = ¢ and b = d.
But then det(A) = ad —bc = ad —ad = 0. %

So, only the first case is possible and we are done. O

B.3 Chaos Games and Iterated Function Systems

When I was in high school, I remember being fascinated by generating fractals using
randomness. One of those ways to generate fractals is something known as diffusion
limited aggregation@ The basic idea was to simulate the formation of, say, a snowflake
by starting out with one “ice” particle on the grid, say a finite window of Z2. One would
then simulate moving water particles in the air as symmetric random walks that would
then “freeze” as soon as they touched an “ice” particle. I had a lot of fun writing a
program to construct the fractals that would come out, so much so that I would use it
as ornamentation on a gift card I gave to my friend Martin’s birthday.

The other, more structured thing I would become infatuated with is the so-called chaos
game. Say, you start out with an equilateral triangle and then color a random point
inside the triangle black. Then, you move to another point by choosing with equal
probability one of the vertices of the triangle and then moving half-way towards the
chosen vertex. If you iterate this process, surprisingly enough, the Sierpinski triangle
emerges. A good video showcasing this phenomenon can be found on YouTube. This
really blew me away when I was younger and, as before, I took a lot of pleasure in
generating these fractals by slightly tweaking the parameters.

The deterministic analogue of chaos games are iterated function systems. For the
particular chaos game described above, one can again find on [YouTube| a video on the
corresponding iterated function system. And while for iterated function systems it seems
somewhat intuitive that you generate the Sierpinski triangle, I haven’t found something
convincing me that the same was true for the chaos game. One of my hopes in this
course was to finally understand this. And while this topic wasn’t covered in class, I can
say that I finally feel more confident in diving into the literature.

31 At that time, I didn’t know it was called that.
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https://www.youtube.com/watch?v=IGlGvSXkRGI
https://www.youtube.com/watch?v=nIIp-vo8rHg

	Motivation
	A bit of Measure Theory
	Measure-preserving Transformations
	Invariant Measures
	Conditional Expectations
	Ergodic Transforms and Birkhoff's Ergodic Theorem
	Ergodic Measures for Continuous Transforms
	Mixing
	One- and Two-Point Motion
	Solutions to Exercise Sheets
	Further Topics and Concluding Remarks

